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For whom suitable. 
CHAPTER I 
INTRODUCTION 
. ---=---~--.- -c cc:-~f--=-:-=_==,.-,- -
The three instructional units of mathematics contained 
in this thesis are intended to be suitable for able and 
mature students in the twelfth year of secondary school who 
have followed the full program of traditional sequential 
mathematics courses with notable success. 
Length and placement in program. 
These units are each designed to be completed in two 
five-day school weeks, or in ten successive daily periods of 
about forty-five minutes each. They are intended primarily 
to be used during the latter part of the twelfth year, when 
nearly all of the regular sequential mathematics has been 
completed. A possible exception is that it is not strictly 
necessary that the units be preceded by a course in solid 
geometry • 
.Justification. 
Evidence will be shown that there is a tendency to 
expand the work of the twelfth-year sequential mathematics 
course by the inclusion of additional topics, brought about 
to some extent by a decrease in the stress placed on solid 
geometry. Examples will be cited of established precedents 
· for the addition of new topics such as those presented in 
this thesis. 
Purpose. 
The general purpose of these units is not primarily the 
developing of manipulative skills on the part of the students, 
nor are they intended to develop anything approaching exten-
sive knowledge of the topics involved. The chief aim of the 
collective units is to broaden the general appreciation and 
perception of mathematics as a whole; to provide a basis for 
a more mature and comprehensive point of view of the subject. 
It has been this writer's observation that a considerable 
number of the mathematic·s students of the type described 
above, who leave our secondary schools with outstanding 
competence in manipulation, are nevertheless lacking in the 
matter of broad appreciation of the essential nature of math-
ematics. It also seems to the writer that these students too 
often have a limited and inadequate comprehension of the 
essential characteristics of mathematics in application. In 
view of the fact that from this group of students will come 
our future leaders in mathematics and science, this writer 
submits that we could well give more attention to the 
development of mathematical appreciations and understandings 
among them as a part of the final yearts work in the secon-
dary school. The following units are offered as a beginning 
toward that purpose. 
- --=-===~=======-~=-~~======================================--=-=~~~~======== 
More specifically, these units are designed to develop 
an appreciation of the essential nature of mathematics as an 
example of deductive science, a logical structure built on 
the foundation of certain basic assumptions which determine 
its character, its power, and its use. The units aim at 
assisting the students in the perception of the fact that the 
accuracy of mathematics is in method rather than in content. 
The units have for another purpose the broadening of 
understanding and appreciation of less elementary applications 
of mathematics, and of the exactness and reliability of 
mathematics in application. 
A somewhat less important purpose is the provision of 
additional sample topics to challenge the capacities of 
superior students, and the pointing out to them of sample 
opportunities for further mathematical investigations, which 
can be done independently. 
While the units are not constructed with the aim of 
improving skills in manipulation, it seems apparent that this 
will be brought about to some extent by their use. In the 
same manner the units will impart a certain amount of useful 
knowledge of mathematical applications. 
The specific aims of each unit will be presented 
immediately preceding each unit. 
I 
I 
I 
I 
II 
3 
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CHAPTER II 
THE STATUS OF TWELFTH•YEAR SEQUENTIAL MATHEMATICS 
I. PRELIMINARY STATEMENT 
Purpose. 
The purpose of this chapter will be to demonstrate that 
there exists a trend to expand and increase the mathematics 
I/ offerings of the traditional sequential program, particularly 
I 
1 in grade twelve, and that the inclusion in the twelfth-grade 
program of the units presented in this thesis is justified 
under this trend. The chapter will also consider the present 
status of the subjects of the three units in relation to the 
traditional sequential program. 
Delimitation. 
During recent years there has been written a very con-
siderable amount of literature dealing with the subject of 
secondary-school mathematics. This literature reflects a 
general feeling of dissatisfaction with past and present 
arrangements, and even a cursory examination of it will reveal 
that the proposed and actual revisions and improvements are 
multitudinous in number and variety. However, a large majority 
of these proposed and actual changes in the secondary-school 
mathematics program have to do with those students, the 
greater part of those enrolled in secondary schools, who are 
not specializing in mathematics. 
-··----- ------ ··--------- · --. -- ·---=--=-=-=-==-=-==-=-===-"'= L -- -------
~======F========- -~=-==========================================~====== 
- -- ----~~-
It has been stated that the units of mathematics 
presented in this thesis are intended only for serious and 
mature students who have demonstrated special interest and 
ability in mathematics, who have followed the complete 
sequential mathematics program, and who are enrolled in the 
final year of high school. Therefore, it will be the 
, purpose of this chapter to consider the status of only the 
twelfth-year sequential mathematics courses, and only that 
f comparatively limited portion of _current literature which is 
I pertinent to this purpose will be referred to. It will not, 
however, be possible, to discuss twelft:P.•year mathematics 
without some reference to the work of the other senior-high-
school grades, particularly the eleventh. 
II. THE TRADITIONAL SEQUENTIAL MATHEMATICS COURSES 
Definition. 
In this thesis the traditional sequential secondary-
school mathematics program is defined as being made up of 
first-year algebra, second-year algebra, plane geometry, 
solid geometry, and trigonometry. 
Grade placement. 
An examination of the literature reveals some differ-
ences as to precisely what has been the traditional order of 
the sequential mathematics courses, particularly in the 
eleventh and twelfth grades. '!'he Fourteenth Yearbook gives the 
- -=-=--- -~---"----=- - - - :_- "-'-' -=---~==--~ 
traditional order as algebra in the ninth grade and plane 
geometry in the tenth, but it is somewhat vague in naming 
solid geometry, intermediate and advanced algebra, and 
trigonometry as the total work of the combined eleventh and 
twelfth grades.l 
In a study of forty-three schools, Lide found solid 
geometry offered in grade twelve in twenty-four cases and in 
grade eleven in seventeen eases. The figures for advanced 
algebra were the exact converse. Trigonometry was offered in 
grade twelve in thirty-eight schools, and in grade eleven in 
one sehool.2 
Beatley, in 1933, was more definite in saying "In the 
course of study in effect in most schools today, the mathema-
ties of the twelfth grade consists of . solid geometry and 
trigonometry. 113 Support for this statement is found in a 
survey by Johnson of all of the public high schools of 
l*'Training of Mathematics Teachers 11 , Fourteenth Yearbook 
of the National Council of Teachers of Mathematics, New York: 
Bureau of Publications, Teachers College, Columbia University, 
1939, pp. 73, 74. 
2Edwin S. Lide, Instruction in Mathematics, Bulletin 1932 
No. 17, National Survey of Secondary Education, Monograph No. 
23, Washington, D.O.: Superintendent of Documents, United 
States Government Printing Office, 1933, pp. 44, 45. 
3Ralph Beatley, "Coherence and Diversity in Secondary 
Mathematics", in Eighth Yearbook of the National Council of 
Teachers of Mathematics, New York: Bureau of Publications, 
Teachers College, Columbia University, 1933, p. 202. 
Massachusetts, in which he found the usual placement of 
second-year algebra to be in grade eleven and the usual 
placement of solid geometry and trigonometry to be in grade 
twelve.l 
The present writer's experience is in close agreement 
with the findings of the two authorities last cited, and the 
discussion which follows will be based on the assumption that 
the traditional mathematics of the twelfth grade is solid 
geometry and trigonometry. This assumption is made as a 
basis for discussion, and it should not be inferred that the 
units presented in this thesis cannot be used in schools where 
this exact order of courses is not followed. The units are 
intended to be used during the latter part of the twelfth 
year after the regular sequential courses have been completed, 
the exact order of their completion is not vital. 
III. PRESENT STATUS 
Current definition. 
One of the best general definitions of the present 
sequential mathematics program is found in the Second Report 
of the Commission on Post-War Plans, which states: 
The traditional sequential courses include the 
1Gilbert H. Johnson, "Mathematics Teaching in the Public 
High Schools of Massachusetts 11 , unpublished Master of Arts 
Thesis, Boston University, 1948, pp. 47, 51. 
=~--=--~-~--~-=-~~~~~==~==~~= ---I --~---'-='--=---=----=-=---=--~-=-=-- -- - -- -- -=- r
elements of algebra, plane geometry, solid geometry, 
and trigonometry. In some schools they may also include 
the elements of statistics, analytic geometry, and the 
Calculus. While an attempt is often made to correlate 
these various subjects, in general, they are taught 
separately .1 
It is significant to note that the first sentence of 
the above quotation is the traditional definition of The 
Fourteenth Yearbook.2 The remainder of the quotation 
reflects the current trend toward the addition of new topics. 
The status of solid geometry. 
Any discussion of the present status of twelfth-grade 
sequential mathematics must consider the status of solid 
geometry, and since it is the present writer's opinion that 
this is the most important single factor underlying revisions 
of twelfth-grade sequential mathematics, it will be consider-
ed here without delay. 
That solid geometry has been the subject of considerable 
attention in recent years is attested by the statement of 
Butler and Wren that "The status of solid geometry in the 
secondary school has caused r 'ather general dissatisfaction 
1 among teachers of mathematics for several years."3 Reeve 
1The Seeond Report of the Commission on Post-War Plans, !1 
Mathematics Teacher, 38:5, May,l945, p. 208. I' 
211Training of Mathematics Teachers", op. cit., pp. 73, 74 
The 
3Charles H. Butler and F. Lynwood Wren The Teaching 
of Secondary Mathematics, New York: McGraw-Hili Book Comp~y, 
Inc., 1941, p. 374. 
-=--=-----==-- -- - -1 - - ~-- -- - - - =---=------=--=----=---;_-=-=--=--=--....=-------=-==----..:......:::...-- ..=;_;--··--- --·--=.....----·--- -- - --- - -
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1 goes somewhat farther in saying "The wisdom of teaching solid 
geometry in particular has been seriously questioned." 1 
Proposals for changing the status of solid geometry 
range through curtailing it by various amounts to eliminating 
it altogether. Probably the proposal worth the most 
attention is that of combining it with plane geometry. This 
proposal has received enough support so that it has been 
studied by a committee appointed jointly in 1929 by the 
Mathematical Association of America, Inc., and the National 
Council of Teachers of Mathematics, and by various committees 
and individuals since then.2 Butler and Wren report an 
.. 
interesting list of reasons for and against a combined course 
in plane and solid geometry.3 The same authorities comment 
that a one-year combined course of plane and solid geometry 
has not become popular, probably for one reason that there 
has been no suitable textbook.4 {The p~esent writer was 
unable to find such a text in the Educational Resources 
Library of the Boston University School of Education.} 
lwilliam D. Reeve, nThe Teaching of Geometry~ in Fifth 
Yearbook of the National Council of Teachers of Mathematics, 
New York: Bureau of Publications, Teachers College, Columbia 
1 University, 1930, p. 18. 
2charles H. Butler and F. Lynwood Wren, op. cit., 
pp. 374-380. 
3Ibid., p. 377. 
4 Ibid., p. 375.-
There is some confusion and disagreement in the matter 
of the exact present status of solid geometry, due perhaps 
to the fact that the status is not uniform throughout all 
sections of the country. For example, Reeve, in 1930, stated 
fhat "Solid geometry as a separate half-year course is rapidly 
becoming pass' in our schools",1 and Butler and Wren say that 
"Only in the larger systems is solid geometry still offered 
regularly, and there the course is elected only by a very 
few students."2 Opposed to this are the findings of Johnson, 
that, in 1948, only about ten percent of all the high schools 
of Massachusetts failed to offer a course in solid geometry, 
and that it was the most populous of all twelfth-year math-
ematics courses in spite of the fact that the total number 
of mathematics courses for grade twelve was greater than for 
any other.3 But Massachusetts does not appear to be typical 
of the entire nation in this respect, for a recent survey of 
seventy-eight Illinois high schools showed but thirty-four 
of them offering solid geometry,4 and a survey made in 1949 
of all the high schools in North Carolina found that only 
forty-one of nearly a thousand schools offered the course.5 
1William D. Reeve, op. cit., p. 18. 
2charles H. Butler and F. Lynwood Wren, op. cit., p. 374. 
3 Gilbert H. John~on, op. cit., pp. 46-52, 60. 
4The Bulletin of the National Association of Secondary-
School Principals, 33:164, October, 1949, pp. 119, 120. 
5Ibid, p. 125. 
- --==-=-'=JT==-"=---'-=-=c_ - -· ~--- -=-=-- - -------~~=~-
10 
Lide found that forty-one of forty-three schools offered 
solid geometry, but states that these schools, located 
throughout the United States, were selected because their 
work in mathematics was considered outstanding.l 
An important factor affecting the status of solid 
geometry is the matter of requirements for college entrance. 
The 1948 Handbook of the College Entrance Examination Board 
lists twenty-eight colleges offering a program in engineering. 
Six of these state explicitly that solid geometry is required 
for entrance, and twenty-two do not. Of this last group, 
the entrance requirements of eight contain such statements 
as "the candidate should haven, or "is normally expected to 
have", or 11 is advised to have" credit for a half' unit of' 
solid geometry, with the implication that if this is not the 
case, an adjustment will be made.2 steinberg found that 
twenty-seven of a list of thirty-six state universities 
required solid geometry for entrance into their engineering 
schools. 3 
1''he most uncompromising of the schools seems to be the 
Massachusetts Institute of Technology, which states that for 
· 1 Edwin 8. Lide, op. cit., pp. 1, 44. 
2tt~erms of Admission to the Colleges of the College 
Entrance Examination Board", Annual Handbook, 1948, Princeton, 
New Jersey: College Entrance Examination Board, 1947. 
3
s.s.steinberg, "The Relations of Secondary Mathematics 
to Engineering Education", The Mathematics Teacher, 42:8, 
December, 1949, p. 387. 
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entrance ttEach applicant is required to complete the following 
specific preparatory subjects: algebra, 2 units; plane 
I geometry, 1 unit; trigonometry, ~unit; solid geometry, l unit. ,t 
This is certainly a statement of the traditional "college 
preparatory" secondary-school mathematics program. Except 
that a year and a half of algebra will be accepted from 
certain states where the subject is completed in that time, 
there are no visible loopholes. A cause for speculation is 
the extent to which the entrance requirement of M. I. T. has 
contributed to the fact that over ninety percent of 
Massachusetts high schools still offer solid geometry, as 
reported by lohnson.l 
It is the present writer's opinion, based on personal 
experience and with no factual evidence to support it, that 
it is not uncommon in Massachusetts high schools for the 
solid geometry course to be listed in the program of studies 
as a half-year course, but to be somewhat shorter than that 
in actual practice. 
Both curriculum plans outlined in the final report of 
the Joint Oommission include solid geometry as part of the 
work of the twelfth grade, with suggestions for a very limited 
introduction to the subject in the tenth grade. one of these 
curriculum plans includes solid geometry in a unified course 
lGilbert H. Johnson, op. cit., p. 67. 
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~or grade twelve, while the other plan has it as a separate 
semester course. 1 
I Calculus and analytic geometry. 
Butler and Wren have stated that "Since the turn of the 
century various leaders in mathematical education have 
advocated that elements of the calculus be introduced in the 
last year of the senior high school." The same authors 
observe that this does not mean that a ~ull course in calculus 
is proposed for high schools, they doubt that calculus will 
ever be a distinct high school subject, but they propose that 
much can be done in high schools to bring about preliminary 
development of the fundamental concepts, and that there is 
real merit in doing so.2 A second proposal along this line 
is found in the first curriculum plan drawn up by the Joint 
Commission. This plan proposes that the work of the twelfth 
grade consist of a unified course from the fields of advanced 
algebra, solid geometry, analytic geometry, trigonometry, and 
differential calculus.3 
1Joint Commission of the Mathematical Association o~ 
America, Inc., and the National Council o~ Teachers o~ Mathe-
matics, "The Place o~ Mathematics in Secondary Education", 
Fi~teenth Yearbook of the National Council o~ Teachers of 
Mathematics, New York: Bureau of Publications, Teachers Col-
lege, Columbia University, 1940, pp. 96, 97, 112, 113, 246, 
247. (Hereafter referred to as the Joint Commission.) 
2charles H. Butler and F. Lynwood Wren, op. cit., 
pp. 472-475. 
~loint Commission, op. cit., pp. 96-98, 112-119. 
~~e course outlined by Beatley for grade twelve has 
received mueh attention. In brief, this course includes 
fourteen weeks of trigonometry, ten weeks of solid geometry, 
and eleven weeks of advanced algebra including some analytic 
geometry and some reference to the methods of the calculus. 1 
The present writer offers his opinion, based on personal 
observations and unsupported by evidence, that in actual prac-
tice it is common for high schools to follow the general 
outline of this course, officially in some eases and 
unofficially in others. 
Lide found either calculus or analytics, or both, 
included in the work of the following schools: George Washing-
ton and Wadleigh High Schools in New York City; Horace Mann 
School for Girls and Lincoln School, Teachers College, 
Columbia University, New York City; English High School and 
' Public Latin School, Boston; Cleveland High School, St. Louis; 
John Burroughs School, Clayton, Mo.; and the University High 
School, Chicago.2 A complete account of the inclusion of 
analytic geometry in grade twelve at Boston English High 
School is given by Leary, who reports less stress on solid 
geometry in this school.3 A course comprised of analytic 
1Ralph Beatley, op. eit., pp. 202-215. 
2Edwin s. Lide, op. cit., pp. 54, 55. 
3Arthur F. Leary, "Analytic Geometry in the High School", 
The Mathematics Teacher, 33:2, February, 1940, pp. 60-68. 
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geometry, differentiation, integration, determinants, and 
theory of equations, offered for superior students in a high 
school in New York City is described by Moore.l A course 
of geometry and second-year algebra taught simultaneously 
and showing the "union of the two subjects in analytic 
geometry" is described by Got.tschalk. 2 
An examination of eight recently-published second-year 
algebra books shows that three of them include a chapter of 
elementary calculus, and two of them contain a substantial 
amount of analytics. (Appendix A). Mallory and Fehr have 
published a twelfth-grade text for a combined course of 
algebra, geometry, and trigonometry, which also includes 
introductory calculus and analytic geometry.3 This text is 
used in the High School at Hingham, Massachusetts. 
'!'he Commission on Post-War Plans finds that "elements of 
• • • 
analytic geometry and calculus • • • are taught in many 
high schools." 4 
1Lillian Moore, "The Challenge of the Bright Pupil", 
The Mathematics Teacher, 35:4, April, 1942, pp. 155-157. 
2winston M. Gottschalk nAnalytic Geometry and Trigono-
metry in Second-Year Algebra~, The Mathematics Teacher, 33:2, 
February, 1940, pp. 82, 83. 
3virgil S. Mallory and Howard F. Fehr, Senior Mathema-
ti~s for High Schools, Boston: Benj. H. Sanborn and Co., 1940. 
4seeond Report of the Cormnission on Post-War Plans., 
op. cit., p. 218. 
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-The National Committee on Mathematical Requirements 
recommended that the work for grades ten, eleven, and twelve 
include plane geometry, algebra, solid geometry, trigonometry, 
elementary statistics, elementary calculus, history and 
biography, and additional electives such as navigation and 
the like in schools having needs for such work. 1 
Statistics. 
The remaining topic included in the definition of the 
sequential mathematics courses, as stated by the Commission 
on Post-War Plans, is statistics. 2 This is the subject of 
one of the units presented in this thesis, and therefore it 
will be included in a later section of this chapter where 
the status of the subjects of all three units will be 
discussed. 
Summary. 
The foregoing discussion presents evidence that there 
is a real trend toward expanding and increasing the offerings 
of twelf t h-grade sequential mathematics. There is not 
complete uniformity or agreement as to the exact present 
status or proposed revisions of the traditional twelfth-year 
1The National Committee on Mathematical Requirements, 
~ The Reorganization of Mathematics in Secondary Education, 
Boston: Houghton Mifflin Company, 1923, pp. 34-57. ·- - -
2Second Report of the Commission on Post-War Plans, 
op. cit., p. 208. 
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1-c-ours e, particularly in regard to solid geometry, but one 
fact seems inescapable; there are very few proposals to teach 
less mathematics in the final secondary sequential course, or 
to make it more elementary or less difficult. There is not 
1 complete agreement as to precisely what should be included, 
but the tendency is to teach more mathematics rather than 
less. All authorities are aware, of course, of the fact that 
but a comparatively small number of the total secondary-school 
population follow the traditional mathematics program, but 
they also point out that from this comparatively small group 
will come most of the future leaders in mathematics and 
science which our type of society needs, and will need, so 
u~gently. The Commission on Post-War Plans has this to say: 
The very fact that the sequential courses are the 
oldest mathematical courses in the high school makes it 
difficult to change them. However, there is great 
opportunity for improvement •••• The need for ~are­
ful training in mathematics for those planning careers 
in the physical sciences, engineering, architecture, 
and similar fields is universally recognized. • • • 
If the sequential courses are to fulfill the purpose 
for which they are intended, they cannot be emasculated 
to fit the needs of those of low ability and weak 
purpose.l 
zant is equally positive in saying: 
The mathematics needed by specialized groups • • • 
actually calls for little fundamental reorganization 
of the present courses which we have called 11 the 
sequential courses in mathematics." The need for such 
trained men and women ••• is still critical ••• 
1 Second Report of the Commission on Post-War Plans, 
op. cit., pp. 208, 209. 
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~he mathematics courses ~or this group of students 
should probably be the regular sequential courses 
already taught in high schooi, algebra, geometry, and . 
trigonometry ••• It is not probable that they will 
learn too much mathematics. Every attempt should be 
made to organize and to teach the courses better byt 
the need is ~or more mathematics rather than less. 
There can be little doubt that these quotations 
illustrate the general philosophy behind actual and proposed 
revisions of the twelfth-year sequential mathematics course. 
The trend is to include more mathematics, such as elements 
of analytics and calculus, with the purpose of giving the 
student a mathematical training which is as thorough as 
possible. The reason for the curtailment of solid geometry 
in the twelfth grade has not been because o~ its difficulty, 
but rather because of a conviction that other topics are 
more essential. The mathematics which replaces solid 
geometry in these cases is o~ a more advanced and difficult 
nature. 
The three units o~ mathematics contained in this thesis 
are intended to be in keeping with the philosophy o~ more 
extensive mathematics ~or the sequential twelfth-grade course. 
lJames H. Zant, "What Are the Mathematical Needs of the 
High School Student?", . lfhe Mathematics Teacher, 42:2, 
February, 1949, pp. 77, 78. 
:18 
' 
==-::-=--=--· . --- -- ==-=---:--=~. ------- --- -----·- __ __ _ ___ --L __ 
rv. STATUS OF NON-EUCLIDEAN GEOMETRY, NAVIGATION, AND 
STATISTICS IN THE TRADITIONAL MATHEMATICS PROGRAM. 
Non-Euclidean geometry. 
An examination of fourteen plane geometry books in cur-
rent use revealed that only two of them make any mention of 
non-huclidean geometry. Of these, one devotes a whole page 
to the subject, while the other devotes ten words to it. 
{Appendix B). An examination of The Mathematics Teacher 
for the years 1935 to 1950 shows a total of two articles 
devoted to the subject, and only one of these describes its 
actual inclusion in the mathematics program of a high school.l 
'l'he Educational Resources Library of the Boston University 
School of Education contains no text or publication on the 
subject. {January, 1950). 
From the above evidence, the present writer draws the 
conclusion that the attention given non-Euclidean geometry in 
secondary-schools is so limited as to be practically nagli-
gible. 
The Joint Commission includes non-Euclidean geometry in 
a list of topics suggested for the enrichment of the 
programs of very able students.2 
lwilliam Lee, "Provision for Individual Differences in 
High School Mathematics Coursestt, The Mathematics Teacher, 
40:6, October, 1947, p. 296. . 
2 Joint Commission, op. cit., p. 146. 
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The second article of the two on the subject appearing 
in The Mathematics Teacher during the period mentioned 
describes how a knowledge of non-Euclidean geometry on the 
part of the teacher will help in teaching the usual geometry 
better, and thus benefit the pupils indirectly. 1 Non-
Euclidean geometry is named as a desirable course in the 
preparation of teachers by the Commission on Post-War Plans,2 
by Butler and wren,3 and by the Joint Commission. 4 In all 
oases, the reason advanced is the same as given above, that 
a better understanding of the logical nature of geometry will 
lead to better teaching and thus benefit the students. 
Navigation. 
It is common knowledge that textbooks in geometry and 
trigonometry have long included problems in elementary 
navigation as exercises in practical applications of these 
subjects. An examination of fourteen plane geometry texts 
shows that each of them contains scattered problems of a 
lKenneth B. Henderson, 11 The Lessons Non-Euclidean 
Geometry Can Teach", The Mathematics Teacher, 33:2, 
February, 1940, pp. 73-79. 
2second Report of the Commission on Post-War Plans, 
op. cit., p. 218. 
3charles H. Butler and F. Lynwood wren, op. cit., 
p. 205. 
4Joint Commission, op. cit., p. 201. 
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\ recently-published trigonometry texts discloses that while 
II 
all of them contain occasional problems in navigational 
applications throughout, the four texts which include 
spherical trigonometry go considerably beyond occasional 
navigation problems, to the extent that two of them devote 
separate chapters to the topic. (Appendix C). 
The Educational Resources Library of Boston University 
School of Education contains (January, 1950) one text on 
navigation. 1 
Johnson includes navigation and aerial navigation in 
a list of courses which are given in less than three of the 
public high schools of Massachusetts.2 
Reeve urges the addition of a larger number of applica-
tions to air and marine navigation in teaching geometry.3 
It is perhaps of significance to note that the last proposal 
was written during the war years, as were articles by 
1 A. R. Bradley, Mathematics of Air and Marine 
Navigation, New York: American Book Company, 1942. 
2Gilbert H. Johnson, op. cit., p. 44. 
3William D. Reeve, "A Proposal for Mathematics Educa-
tion in the Secondary Schools of the United States", 
The Mathematics Teacher, 36:1, January, 1943, pp. 11-20. 
I 
I 
Blank1 , Beito2 , and Pickett3 • The last three writers urge 
that courses in navigation be given in high schools, and 
discuss the material which should . be included. Moore 
describes a navigation course given in Far Rockaway High 
School. 4 Blank speaks of an urgent request by the ~ederal 
government in the fall of 1942 for navigation instruction 
in secondary schools.5 
Navigation is suggested by the Joint Commission as a 
topic for enriching the program of superior students.6 
Statistics. 
It is not difficult to cite evidence of a feeling 
among educators that statistics should be taught in second-
ary schools. For example, we note that the National 
i Committee on Mathematical Requirements recommended in 1923 
I 
lLa.ura Blank, "Aerial Navigation as Applied Mathema-
tics 11 , The Mathematics Teacher, 38:7, November, 194.5, 
pp. 314-316. 
2Edwin Beito, "Mathematics of Aviation", The Mathema-
tics Teacher, 34:7, November, 1941, pp. 305-308. 
3Ha.le Pickett, "Air Navigation'', The Mathematics 
Teacher, 36:3, March, .l943, pp. 109-113. 
4Lillian Moore, "Aerial Navigation", The Mathemati.es 
Teacher, 35:3, March, 1942, pp. 99-101. 
5Laura Blank, op. cit., p. 314. 
6Joint Commission, op. cit., p. 146. 
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that statistics be included in the high school program.l 
The Joint Commission mentions desirable statistical material~ 
The Commission on Post-War Plans includes elements of 
statistics in its Check List for functional competence which 
should be achieved by a11. 3 Scates urges and outlines a 
statistics course in The Mathematics Teacher. 4 
The reasons advanced for teaching statistics in 
secondary schools follow the general pattern of pqinting out 
that statistics play a great and constantly increasing part 
in our society, and that it is important for citizens to 
understand the graphical devices and other statistical 
presentations which are encountered so often in current 
publications. The report of a study group at the 1945 
Duke University Mathematics Institute states the case in 
typical fashion: 
Inasmuch as statistical thinking is involved in 
practically every phase of modern living, we believe 
everyone should be familiar with the modes of thought 
lThe National Committee on Mathematical Requirements, 
op. cit., pp. 48-57. 
2Joint Commission, op. cit., pp. 117-119, 208, 249, 251. 
3second Report of the Commission on Post-War Plans, 
op. cit., p. 197. 
4 ·. 
Douglas E. Scates, "Statistics-The Mathematics of 
Social Problems", The Mathematics Teacher, 36:2, February, 
1943, pp. 68-77. 
which it affords ••• it is our recommendation that 
at least some statistical training be given to all 
high school students ••• 1 
It is not as easy to discover the extent to which 
statistics is actually included in the work of the secondary 
school. This is particularly true in the present instance, 
I' 
.I 
il 
for since the units presented in this thesis are intended only j 
for the mathematics specialists among the student body, 
this discussion is not concerned with the statistical material 
included in such courses as "consumer mathematics" or ugeneral 
mathematics", since the students described do not take these 
courses. This discussion must confine itself to an attempt 
to develop a conclusion as to the amount of statistical 
training usually received by the student who follows the 
sequential mathematics courses. The fact that the mathema-
tics studied before entrance into grade ten contains some 
work in graphical representation is familiar to all, and will 
I not be reviewed here. 
I Lide's survey states that statistics was not offered 
at all under that name, but that material from this field 
was sometimes presented in connection with other courses. 
The last part of this statement is not elaborated upon to 
any extent.! Johnson does not mention a single course in 
lReport of the Committee on Collecting and Analyzing 
Data, in the unpublished Report of the Fifth Institute for 
Teachers of Mathematics, Duke University, 1945, p. 45. 
2Edwin s. Lide, op. cit., p. 44. 
~============================#=========~ 
statistics in his survey of the high schools of M~ssachusetts. 
An examination of eight second-year algebra books in 
current use sheds more light on the situation. All of these 
books contain the usual material on graphical representation, 
and in addition, one contains a six-page section on 
statistical theory, and two devote a whole chapter to the 
subject. (Appendix A.) The Educational Resources Library of 
the Boston University School of Education contains no 
additional pertinent material in statistics for the secondary 
school. (January, 1950) The text of Mallory and Fehr, which 
is offered as a combined course for twelfth-year sequential 
mathematics, does not, as far as the present writer can 
determine, mention the word statistics. 2 A unit of statistics 
for general use in secondary schools has been published 
in booklet fo.rm by Schorling, Clark, and Lankford.3 
From the above evidence, the present writer derives 
the conclusion that the teaching of statistics in sequential 
mathematics programs of public secondary schools is far from 
lGilbert H. Johnson, op. cit., pp. 39-67. 
2virgil s. Mallory and Howard F. Fehr, op. cit • . 
3Raleigh Sehorling, John R. Clark, and Francis G. 
Lankford, ,Jr., Statistics, Yonkers-on-Hudson: World Book 
Company, 1943. 
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extensive. It would seem that students following the program 
in a majority of cases encounter little, if any, work in 
statistics beyond the usual material in graphical representa-
tion presented as part of the regular algebra courses. 
This conclusion is supported by Schorling, Clark, and 
Lankford, who say 11 In the typical sequential courses in 
mathematics, statistics is omitted altogether or at best it 
is taught superficially." 1 
1 Ibid., p. iii. 
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CHAPTER III 
INTRODUCTION TO THE UNIT OF NON-EUCLIDEAN GEOMETRY 
Purpose of the unit. 
In order to describe the purpose of this unit the 
writer first submits the following opinion: Of the students 
who complete the study of secondary-school geometry courses, 
no matter how successfully, comparatively few have a signi-
ficant appreciation of geometry as a form of postulational 
thinking. It is submitted that even among the most able 
students it cannot be claimed that many have achieved much 
more than skill and adroitness in proving the prescribed 
propositions, and that these propositions, once proved, are 
henceforth regarded as indisputable truths. The writer 
propounds this question: How many of our high school geometry 
graduates are aware that the whole systematic structure of 
EUclidean proof rests on a number of propositions which 
cannot be proved, and that, far ·from being indisputable truths 
many of the Euclidean theorems ean be contradicted by systems 
of thinking fully as logica1 and consistent as the one 
presented in their text books? one answer to this question 
can be found in the statement of Wolfe, who, in speaking 
of college students, says, 
The majority of students ••• come, like the geometers 
of old, thoroughly imbued with what is almost a 
reverence for ~uclidean Geometry. In it they feel 
that they have found, in all their studies, one thing 
about which there can be no doubt or controversy • • • 
they have not even surmised that it might be a 
matter of logic.l 
The main purpose of this unit in non-h~clidean geometry 
follows as a consequence of the beliefs expressed above. It 
should be emphasized here that the ·intent is not to discredit 
the geometry which the student has learned in his high school 
courses, but to give him a broader appreciation of geometry 
for what. it really is; to show it to him in its proper light 
as a useful example of postulational thinking rather than 
an interlocking series of incontestable truths. It is the 
a~ of this unit to develop in the student an understanding 
that not all things in mathematics can be proved and that the 
real accuracy of mathematics is not in its content but in its 
method. It is hoped that the student will thus be started 
along the road toward an appreciation of logical deductive 
reasoning in general. In the words of Butler and Wren: 
In any system of constructive thought the validity of 
the conclusions rests entirely upon the validity and 
consistency of the assumptions and definitions upon 
which the conclusions are based. It is important that 
students should have this point of view, and the teacher 
should make every reasonable effort to assist them in 
acquiring it. • • An appreciation of .'this dependance 
upon fundamental assumptions and definitions and pre-
viously established theorems should .help to develop an 
"if-then'' mental attitude which should function in a 
more intelligent interpretation of .human events.2 
lHarold 
New York: The 
E. Wolfe, Introduction teNon-Euclidean Geometry ~ 
Dryden Press, 1945, pp. ¥11, ·viii .. 
2autler and Wren, op. cit., p., 205. 
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11 . I Wolfe says, of non-Euclidean geometry: 
There is prob~bly no elementary course which exhibits 
so clearly the nature and significance of geometry and, 
indeed, of mathematics in general ••• Here some 
student may understand for the first time something 
of the nature, significance and indispensability of 
postulates, not only in geometry, but in the formation 
of any body of reasoned doctrine. He will recognize 
that not everything can be proved, that something 
must always be taken on faith, and that the character 
of the superstructure depends upon the nature of the 
postulates in the foundation.l 
secondary purposes of the unit include the following: 
to provide an opportunity, through more rigorous practice, 
for superior students to develop a higher degree of skill in 
geometric reasoning; to introduce such students to a 
challenging subject for further investigation, possibly 
independent; and to acquaint the student with the fact that 
Euclidean geometry is but one of several geometries which 
are usable in various circumstances. 
Delimitation. 
It is repeated here that the three units presented in 
this thesis are intended only for the most able of high-
school seniors; it is thought by the author that they are too 
difficult for profitable use by others. They are not intended 
to be easy. It is no part of the purpose of this unit to 
develop competence in non-Euclidean geometry. T.he material 
presented herein does not go beyond the most elementary 
lHarold E. Wolfe, op. cit., pp. v, V111. 
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phases of the subject, and has been "watered down" to meet 
the capabilities of high-school seniors. No attempt has been 
made at rigorous development. The unit is to be considered 
as a means to an end, and not the end in itself. Since 
its chief aim is to develop appreciation and not factual 
knowledge or skill, no unit test will be included. 
General organization. 
The unit is organized in ten sections, with the intent 
that one section be the work for each day of two five-day 
school weeks. Each section is designed to contain ample, but 
not excessive, material for a full school period of about 
forty-five minutes. In this respect, it is stressed that 
the material is not organized, as it is not intended, to be 
memorized and retained in detail by the students; it is in-
tended only that they be able to follow and understand the 
main theme throughout. 
The unit is organized to prea&nt a sequential develop-
ment of elementary Hyperbolic Plane Geometry, starting with a 
historical background and preceding first through the basic 
assumptions and then through a series of eight theorems to 
the proofs that the angle sum of any triangle is less than 
two right angles and that all similar triangles and polygons 
are congruent. The order of this development is as follows: 
Euclid and the Elements, axioms and postulates in general, 
Euclid's Fifth Postulate, equivalent forms of the Fifth 
1 I 
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Postulate, attempts to prove it, review of basic theorems, 
proof of equivalence of the usual - substitute for Euclid's 
Fifth Postulate, possible alternatives, basis of non~Euclid­
ean geometries, elementary development of Hyperbolic Plane 
Geometry, summary. 
The climax of the series of Hyperbolic proofs is 
reached in Section Nine. The last section, Section Ten, is 
left free for general summarization and discussion. The 
printed material prepared for presentation by the instructor 
is purposely less for Section Ten than for the others, to 
allow more time for student discussion. 
'!'hose expert in geometry will recognize that some rigor 
has been sacrificed to make the material suitable for high 
school students. The writer can only offer the statement 
that rigorous proofs for all propositions contained in this 
unit are to be found in non-Euclidean texts. 
For the benefit of instructors who might wish to use 
this unit, the material and general plan follow Wolfe's text 
more closely than any other, and this text is recommended for 
the instructor's use in connection with this unit if desired.l 
All references to the text of Euclid's Elements are based 
on the Heath edition.2 
lHarold E. Wolfe, op. cit. 
2sir Thomas L. Heath, The Thirteen Books of Euclid's 
Elements, 3 volumes, Cambridge; University Press, 1908. 
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Suggested assignments for each section are included. 
The first introduction to non-Euclidean geometry very often 
strikes the student as being startlingly incredible. Some 
of the assignments, particularly those for Sections· Two, 
Four, Six, Seven, and Eight, are designed to enable the 
student to broaden his viewpoint by discovering for himself 
that his intuitive doubts have no logical foundation. ~he 
assignments have been arranged in a separate list, rather 
than as parts of the various sections, in order to enable 
the instructor to see them at once in their entirety. 
CHAPTER IV 
THE UNIT OF NON-EUCLIDEAN GEOMETRY 
I 
I 
I 
'I 
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II 
OUTLINE OF THE UNIT 
Section One. 
Historical note: Euclid and the Elements. 
Axioms and postulates. 
Section Two. 
Euclid's postulates. 
Equivalent f'orms of' the Fif'th Postulate. 
Attempts to prove the Fif'th Postulate. 
section Three. 
Review of' three basic theorems. 
Proposition I, 16. 
Proposition I, 27. 
Proposition I, 28. 
Section Four. 
Preliminary statement. 
Given Playf'air's Axiom, to deduce the Fif'th Postulate. 
Given the Fif'th Postulate, to deduce Playf'air 1 s Axiom. 
other substitutes. 
section Five. 
Possible alternatives to the Fif'th Postulate. 
Non-Euclidean Geometry. 
Hyperbolic Plane Geometry, basic assumptions and 
def'initions. 
Section Six. 
Recapitulation. 
Ideal points. 
Summary of' notation. 
Theorem 1. 
Section Seven. 
Theorem 2. 
The Saccheri Quadrilateral. 
Theorem 3. 
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Section Eight. 
Theorem 4. 
Lambert ,Quadrilateral. 
Theorem 5. 
Section Nine. 
Theorem 6. 
Theorem 7. 
Theorem 8. 
Section Ten. 
Review and summary. 
Which geometry is the tttrue 11 one? 
Generalization. 
SUGGESTED HOMEWORK ASSIGNMENTS 
Section One. 
Review the axioms and postulates in available plane 
geometry text books. 
Compare Euclid's first forty-eight propositions with 
comparable theorems in your school geometry text books. 
(This requires mimeographed copies of Appendix D.) 
Section Two. 
Find out what forms of Euclid's Fifth Postulate are 
used in available school geometry books. 
Discover, by attempting to do it, the difficulties 
encountered in trying to prove the Fifth Postulate. The 
danger to be avoided is the unwitting use of some equivalent 
form in the proof. 
~tion Three. 
Compare Euclid's proofs of the three theorems, as given 
here, with the proofs in your school texts. Do the proofs 
in your school texts use the Fifth Postulate in any form? 
Try to prove I, 29, without using the Fifth Postulate 
in any form. 
Section Four. 
The proposition that the sum of the angles of a triangle 
is two right angles is an equivalent form of the Fifth 
Postulate. To demonstrate that it is, try to prove it without 
using the Fifth Postulate in any form. 
Section Five. 
Review the more important theorems of available school 
plane geometry books to determine which of them do, and which 
do not, depend on the Fifth Postulate for their proofs. 
Section Six. 
Find out all you can about the mathematical concept of 
infinity. 
Try to prove, without using any form of the Fifth 
Postulate, that there cannot be two parallels through a given 
point to a given line. 
Section Seven. 
Discover, by attempting to do it, the impossibility of 
proving that the summit angles of a Saceheri Quadrilateral are 
right angles, without using some form of the Fifth Postulate. 
(Saccheri tried to do it by twice 11 folding 11 half of his 
figure over the other half.) 
Section Eight. 
Discover, by attempting to do it, the impossibility of 
proving that the fourth angle of a Lambert Quadrilateral is a 
right angle, without using some form of the Fifth Postulate. 
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Section Nine. 
Summarize, for class discussion, your conclusions and 
reactions to the material and ideas which have been presented 
in this unit. How has it affected your general point of view 
of mathematics? What general principles do you derive? 
·- - --.-
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SECTION ONE 
Historical note: Euclid and the Elements. 
Although the origins and development of geometry have 
been the work of many men, the name most prominently connected 
with the subject is that of Euclid. 
The greatest mathematical center of ancient times was 
at the university of Alexandria. The city of Alexandria, 
together with its university, was founded on the Nile Delta by 
Alexander the Great, the Macedonian who had conquered the 
known world. The university was opened about 300 B.C. Euclid 
wa.s a professor of mathematics at this university. 
Almost nothing is known of Euclid's life. He is usually 
thought to have been a Greek, but he may have been an Egyptian 
who had studied under the Greeks. The dates of his birth and 
death are unknown, but he lived during the period about 
300 B.C. 
But there is no doubt about one thing that Euclid did: 
he wrote what is universally considered the greatest textbook 
in the history of the world, a textbook whieh is still in 
actual use, some 2250 years after it was written. This work, 
his famous Elements, has dominated the teaching of plane and 
solid geomet.ry to the present day. 
Euclid's Elements is a treatise in thirteen parts, or 
books. It was originally written on papyrus or parchment. 
The first printed edition appeared in 1482, and since then 
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there have been over a thousand editions. At the present 
time most of the geometry books used in England are little 
changed from Euclid's, and in fact they are sometimes called 
"Euclids 11 • In American schools the order of theorems has been 
changed somewhat, after a French geometer named Legendre, but 
the material is still essentially that of the Elements. 
Practically all of the material in American school texts in 
plane and solid geometry is contained in parts of Books 1, 3, 
4, 6, 11 and 12 of the Elements. 
EUclid did not originate most of the geometric material 
in his Elements. His great contribution was the genius with 
which he collected and organized the material. He arranged, 
filled in, and no doubt added to, the work of earlier 
geometers, and formed the whole into a simple, systematic, 
logical sequence of definitions, postulates and theorems; and 
he did it so well that we are still using it to this day. We 
owe the _logical form of plane and solid geometry to Euclid 
and his Elements. 
The forty-eight propositions of Book I of the Elements 
are given in Appendix D. 
Axioms and postulates. 
All geometry books contain certain basic statements, or 
assumptions, for which no proof is offered. These are called 
axioms and postulates, and they are presented with the 
assumption that they are so self-evident that they can be 
·-- ---- -- -~_:..:...=..._:::....::...::.,___--~ 
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accepted on faith by everyone, with no proof necessary. 
Axioms are usually defined as general self-evident statements, 
and postulates are defined as axioms pertaining only to 
geometry, although in some text books this distinction is not 
made. These postulates, or axioms, are the starting. points in 
the systematic proofs of the theorems of geometry. 
Thus, everything in geometry is hot proved, and further-
more it is possible to trace the proof of any theorem back 
to its dependance on one or more of these unproved postulates. 
~~erefore, the whole structure of proof in geometry depends 
on the truth of a number of unproved assumptions, or 
postulates. 
Perhaps some will say that the postulates are so 
obviously self-evident that proof of them is unnecessary. But 
geometry is a science of proving propositions, and if it is 
to be perfect throughout, all its propositions, and especially 
1 
its basic ones, need to be proved. 
It is a fact that this last is impossible. Not all 
things can be proved, and any system of logical thought, such 
as geometry, must start somewhere with something which must 
be assumed to be true without proof. 
Most of the postulates of geometry appear to be so 
self-evident that it would seem difficult to most to seriously 
question their truth, but there are some which have been 
questioned, and we shall see that one in particular has been 
II 
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SECTION TWO 
Euclid's postulates. 
Euclid, in his Elements, made the following postulates; 
1. To draw a straight line from any point to any point. 
2. To produce a finite straight line continuously in a 
straight line. 
3. To describe a circle with any centre and distance. 
(radius) 
4. That all right angles are equal to one another. 
5. That, if a straight line falling on two straight 
I lines make the interior angles on the same side less than two right angles, the two straight lines, if produced indefinitely, 
meet on that side on which are the angles less than the two 
right angles.l 
The last one of the list above is the famous Fifth 
Postulate which has been described as perhaps the most famous 
single utterance in the history of science. It can be seen at 
once that the Fifth is considerably longer than the others, and 
in fact it looks more like a theorem than a postulate. It was 
a subject of controversy for twenty centuries. 
Equivalent forms of the Fifth Postulate. 
It is not likely that many high school students have had 
any previous knowledge of Euclid's Fifth Postulate in its 
original wording as presented above. This is due to the fact 
I that most text books use a substitute postulate which is 
1sir Thomas L. Heath, The Thirteen Books of Euclid's 
Elements, 3 volumes, Cambridge: University Press, 1908. 
I 
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simpler, but which really amounts to the same thing. The one 
most commonly substituted is called Playfair's Axiom, after a 
geometer named Playfair. This is the familiar postulate that · 
through a given point not on a given line only one parallel 
can be drawn to the given line. We will prove later that this 
is equivalent to the Fifth Postulate. 
Another substitute for the Fifth Postulate is the 
proposition that the sum of the angles of a triangle is equal 
to two right angles. ~he usual proof for this is based on 
Playfair's Axiom. Some of the other equivalent forms are these 
statements: 
A straight line parallel to one of a pair of parallel 
lines is parallel to both. 
If a straight line intersects one of a pair of parallel 
lines, it will intersect the other. 
A circle can be drawn through any three points not in a 
straight line. 
!Attempts to prove the Fifth Postulate. 
Euclid's Fifth Postulate, the Parallel Postulate, became 
the target of criticism almost as soon as it was written. It 
appears that even Euclid himself did not have a high opinion 
10f it, for he avoided using it as long as possible. He was 
·able to prove the first twenty-eight propositions of Book I 
of the Elements without it, but was forced to use it in 
\Proposition 
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The controversy over the Parallel Postulate grew out of 
the feeling that it is by no means as "self-evident" as the 
others, that it ~ounds more like a theorem than a postulate 
and should be proved. For some two thousand years various 
leading mathematicians tried in vain to find a proof for it. 
Among the many attempts to pr0ve the Fifth Postulate are 
those of the Greeks Ptolemy and Proclus, the Persian 
Nasiraddin, the Italian Saccheri, the German Lambert, and the 
Frenchman Legendre. 
A favorite method of attack was to assume postulates 
contradicting the Fifth and attempt to prove them absurd 
without using the Fifth Postulate in the proof. But all 
attempts failed; instead of absurdities, proofs resulted which 
were consistent throughout. Saecheri used a quadrilateral 
with the base angles right angles, and the perpendicular 
Dr----------C 
A ~~-------------------u• B 
Figure 1 
sides equal in length. (Figure 1) This figure is still 
called the Saccheri Quadrilateral. Saccheri was unable to 
prove that the angles at D and C cannot be acute. Lambert 
constructed a quadrilateral with three right angles (Figure 2) 
ut could not prove that the fourth angle cannot be acute. 
44, 
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Figure 2 
His figure ~s called the Lambert Quadrilateral. Legendre 
failed in attempting to prove that the sum of the angles of a 
triangle cannot be less than two right angles. 
The complete failure to prove the Fifth Postulate or any . 
of its equivalent fo~ms is due to the fact that it is simply 
an assumption for which no logical proof exists. Finally, in 
, the first part of the nineteenth century, Lobachevsky, a 
Russian; Bolyai, a Hungarian; and Gauss, a German, became 
aware of this fact and discovered a new geometry which we call 
non-Euclidean. It is remarkable that they did this independent 
ly at about the same time. 
I 
,I 
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SECTION THREE 
1! Review of three basic theorems. 
I 
I 
We will review here three of the familiar theorems of 
Euclidean plane geometry. They will be used in proving that 
Playfair 1 s Axiom and the Fifth Postulate are equivalent, and 
we will also use them in other proofs. They are given here as 
Euclid wrote them, and because they are the . sixteenth, twenty-
seventh, and twenty-eighth propositions of Book I of the 
I 
Elements, they are commonly referred to as I, 16; I, 27; and 
I, 28. The proofs given here may differ from those found in 
the textbooks which you have used, they are Euclid's proofs 
and the important thing to note is that they do not make use 
of the Fifth Postulate in any form. 
Proposition I, 16. 
In any triangle, if one of the sides be produced, the 
exterior angle is greater than either of the interior ,and 
opposite angles. 
c D 
A [3 E 
Figure 3 
Let ABC be the given triangle, with side AB produced 
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will be sufficient for our purposes to prove only 
that angle EBC is greater than angle ACB. Draw AD through 
the midpoint of CB, making FD equal to AF. Draw BD. Then 
triangles BFD and AFC are congruent (s.a.s.), and angles ACB 
and DBF are equal. But angle EBC is greater than angle DBF, 
and hence it is greater than angle ACB. 
Proposition I, 27. 
If a straight line falling on two straight lines make 
the alternate angles equal to one another, the straight lines 
will be parallel to one another. 
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Figure 4 
Let ST be a transversal cutting lines AB and CD in such 
a way that angles BST and CTS are equal. Assume that AB and 
-~-====~====~--~-=-~-============~-~~========~~=T======I 
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Proposition I, 28. 
1 
If- a straight line falling on two straight lines make 
! the exterior angle equal to the interior and opposite angle 
I 
on the same side, or the interior angles on the same side 
equal to two right angles, the straight lines will be parallel 
- to one another. 
The proof of this follows easily from I, 27. 
Attention is called again to the fact that no form of 
the Fifth Postulate is used in these proofs. In Proposition 
I, 29, the converse of I, 27, and I, 28, Euclid could not 
avoid using the Fifth Pos_tulate for the -first time. 
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SECTION FOUR 
Preliminary statement. 
We will show here that if either Playfair's Axiom or the 
Fifth Postulate is true, the other can be deduced; in other 
words, we will prove that they are equivalent. For easy 
reference we repeat here both assumptions. 
1. Fifth Postulate. That, if a straight line falling 
on two straight lines make the interior angles on the same 
side less than two right angles, the two straight lines, if 
produced indefinitely, meet on that side on which are the 
angles less than the two right angles. 
2. Playfair's Axiom. Through a point not on a given 
line there can be drawn only one parallel to the line. 
Given Playfair's Axiom, to deduce the Fifth Postulate. 
I A 
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Figure 5 
Given lines AB and CD cut by the transversal ST in such 
a way that the sum of angles BST and DTS is less than two 
right angles. Draw line GSH through s, making the sum of 
angles HST and DTS equal to two right angles. Line GH is 
parallel to line CD by I, 28. Angle BST is less than angle 
:HST, and lines AB and GH are different lines. By Playfair's 
Axiom GH is the only line through S parallel to CD, therefore 
line AB must meet CD. These lines must meet in the direction 
of B and D, because if they met in the opposite direction a 
triangle would be formed having the sum of two angles 
greater than two right angles (contrary to I, 17). Therefore 
.' 
Euclid's Fifth Postulate follows. 
Given the Fifth Postulate, to deduce Playfair's Axiom. 
( 
Figure 6 
Given lines AB and CD cut by the transversal ST in such 
a way that the sum of the angles BST and DTS is equal to two 
right angles. By I, 28, AB and CD are parallel. Construct 
any different line, such as QSR, through S, with angle RST 
less than angle BST. The sum of angles RST and DTS is less 
than two right angles, and by the Fifth Postulate line QSR 
will meet CD in the direction of R and D. If any different 
line, such as Q1SR', be constructed so that angle R'ST is 
greater than angle BST, it follows that angle Q'ST is less 
5 0. 
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I than angle AST. Since the sum of angles AST and CTS is also 
.I 
I equal to . two right angles, it follows that line Q1 SR' must 
meet CD in the direction of 0 and Q', by the Fifth Postulate. 
Therefore, Playfair 1 s Axiom is true. 
Other substitutes. 
li 
There are proofs, which will not be given here, that any J 
of the other substitute postulates mentioned in Section Two 
of this unit are equivalent to the Fifth Postulate, and 
cannot be proved without using it in some form. These proofs 
can be found in non-Euclidean text books. Wolfe is 
recommended. 1 
lHarold E. Wolfe, op. cit. 
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SECTION FIVE 
Possible Alternatives to the Fifth Postulate. 
Since it has been found impossible to prove the truth of 
I the Fifth Postulate or any of its equivalent assumptions, it 
can be argued that there is equal right to make either of two 
possible alternative statements for use as postulates. The 
three possible postulates concerning parallels can be stated 
as follows: 
1. Through a point not on a given line there can be 
drawn only one line which will not intersect the given line. 
\ 2. Through a point not on a given line there can be 
., drawn more than one line which will not intersect the given 
line. 
3. Through a point not on a given line there can be 
drawn no line which will not intersect the given line. 
None of the three above statements can be proved. If 
we remember that geometry is a system of scientific, logical 
I· proof, and that we cannot accept our intuition or the appear-
l ance of things as proof, how are we to say that one of them is 
logically more true than the others? The first of the three 
assumptions is, of course, an equivalent form of Euclid's 
Fifth Postulate, and is the basis of many of the proofs found 
in our school geometry books. If we accept it as true, there 
are no contradictions to be found in our Euclidean structure 
=-=======~==========~==-==-=-=================================-=-~====-=9F========~ 
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of geometry. If it is not true, much of the Euclidean 
I structure would collapse. 
I 
I Non-Euclidean Geometry. 
Similarly, if we accept either of the two possible 
alternative postulates, we can construct on it a different 
geometry which may seem very strange to us, but which is just 
as logical and free from contradiction as ~uelid 1 s. It has 
I been done in both eases. The geometry based on the postulate 
I 
1 of more than one parallel to a given line is called Hyperbolic 
Geometry. The geometry based on the postulate of no parallels 
is called Elliptic Geometry. Together they are referred to 
as Non-hUclidean Geometry. 
'.L'O see what one of these other geometries is like, we 
shall look into the beginnings of Hyperbolic Plane Geometry, 
remembering that while it will no doubt seem very strange 
and perhaps quite unreasonable, we must look at it in the 
light of scientific, logical reasoning only. It may be that 
some of the figures we shall use will seem quite ridiculous, 
but we must always keep in mind that in geometry we are not 
allowed to accept appearances, or our intuition. We can 
accept nothing but logical, systematic deductions. Let us, 
in this spirit, take up the fundamentals of Hyperbolic 
Geometry. 
Hyperboli~Plane Geometry, basic assumptions and definitions. 
53 
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In Hyperbolic Geometry we replace Euclid's Fifth 
Postulate with the following. 
Postulate. Through a given point, not on a given line , 
more than one line can be drawn not intersecting the given 
line. 
In developing a system of geometry from this basic 
assumption, we are able to make use of all the propositions 
from Euclid which do not depend on the Fifth Postulate. 
These are chiefly the first twenty-eight propositions from 
Book I of the Elements. We will also accept another of 
Euclid's assumptions, called Pasch's Axiom, that if a line cuts 
through a triangle it must either cut two adjacent sides, or a 
vertex and the opposite side. We call attention to the fact 
that Euclid defines parallel lines as lines that never meet, 
he never assumes that they are equidistant. 
Let us start with the line l, and the point P on the 
perpendicular tot, PQ. 
c 
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B 
Figure 7 
By the basic postulate, we can have more than one line 
through P, such as the lines AB and CD, which do not intersect 
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line l, (Figure 7), and since we can have more than one, we 
can have many of them. Now let us imagine that perpendicular 
PQ is rotated about P, like the hand of a clock, in a counter 
clockwise direction. (Figure 8) It will continue to inter-
sect line t for a while, then it will cease to intersect it • . . 
Let a be the first position in which it does not cut .f. Then 
rotate PQ in a clockwise direction, and let b be the first 
position in which it does not cut i in that direction. Then 
b 
p 
2 I 
• 
Q 
Figure 8 
a and b are called respectively the right-hand parallel and 
the left-hand parallel to line l, from the point P, and angles 
1 and 2 are · called the right and .left-hand angles of 
parallelism for the distance PQ. Note that we designate 
parallel lines by means of arrow heads. 
Lines a and b cannot be the same line, for if they were 
our basic postulate would be contradicted and we would be back 
in Euclidean geometry, with only one parallel. Furthermore, 
the angles of parallelism, angles 1 and 2, must be acute 
angles, for if they were right angles, the parallels a and b 
would form a single straight line which by ~' 28 would not 
--~ ~ - -- ·-- -, ~---=--__:...::-=--:.;:::::.._-:...::.==..- - -- -- -- -~ ~-- -
intersect line •• But by our basic postulate there are other 
lines through P which do not intersect l, and hence there 
will . be other lines lying within the angle 1 which do not cut 
line t. This would be a contradiction, because we have 
taken a as the first line which does not cut line t toward 
the right hand. 
Let us now restate our basic assumption in the following 
form. 
Axiom: Through a point outside a line two distinct 
parallels, a right and a left.-hand, can be drawn • 
.:...==----=-~·-=--· -- -- -
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SECTION SIX 
Recapitulation. 
It is important to remember that these parallels, right-
hand and left-hand, are the first lines which do not inter-
sect the given line in each direction. In Figure 9, PB and PC 
Q 
Figure 9 
are the right and left-hand parallels to line l, from point P 
on PQ, which is perpendicular to line~. Lines lying within 
the vertical angles DPB and APC are called non-intersecting 
lines with respect to~. Note that the line EPF, perpendicular 
to PQ, is non-intersecting with respect tot, since it cannot 
meet ..f, by I, 28. 
Ideal points. 
While parallel lines do not meet, it has been found more 
convenient to think of them as meeting at an infinitely dis-
tant point. Such an imaginary point is called an ideal point, 
and we use the Greek letter omega, IL, to represent it. 
Remember that it is only a device for convenience, and has no 
57 
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real existence. 
I 
Summary of notation. 
Thus, we would represent, for example, the right-hand 
parallel to(, as shown (Figure 10). The angle at Pis called 
the angle of parallelism for the distance PQ if PQ is perpen-
dicular to line t. 
p 
r-------~ 
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Figure 10 
In some eases, for convenience, we consider the above 
figure as though it were a triangle with an infinitely distant 
vertex at !L. In this manner the figure is considered as 
though it were triangle PQJt. 
I Theorem 1. 
'I 
!1 The exterior angles of the figure AB!t at A and B, made 
/' 
by producing AB, (Figure 11), are greater than their respective 
opposite interior angles. 
..n 
D 
c 
Figure 11 
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Given parallel lines A1l and Bit cut by transversal AB 
extended to C. 
To prove angle BA..n less than angle CBll. 
Through B draw BD, making angle CBD equal to angle BAll. 
We will show that angle CBD, and its equal angle BAfl, cannot 
be greater than, nor equal to, angle CB!l. (Figure 11) 
Angle CBD is not greater than angle CBil, for if it were, BD 
would meet A!l and the resulting triangle would have exterior 
angle CBD equal to opposite interior angle BAfl, contrary 
to I, 16. 
and so be parallel to All. From midpoint S of AB draw ST 
perpendicular to Bil. Produce All to R, making AR equal to 
BT, and draw RS. If BD coincides with B!l, angle RAS is equal 
to angle SBT, since they are the respective supplements of 
equal angles BAnand CBD. Hence triangles RAS and TBS are 
congruent. (s.a.s.) It follows that RST is a straight line, 
and angle SRA is equal to right angle STB. This would mean 
that the angle of parallelism for the distance RT is a right 
angle, which is an absurdity since we have shown that angles 
of parallelism are acute. 
Therefore, angle CBD must be less than angle CBfl , since 
it can be neither greater than, nor equal to it. By construe-
tion angles BA!l and CBD are equal. Therefore angle BAll is 
less than angle CBn. Note that this is the equivalent of 
59 
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SECTION SEVEN 
Theorem 2. 
Angles of parallelism for equal distances are equal. 
Figure 12 
Given A!l.. parallel to Bfl, A' fit parallel to B'..fl', 
AB perpendicular to Bfl, A'B' perpendicular to B'rL', and 
AB equal to A1B1 • (Figure 12). 
n' 
To prove that angle BAn, the angle of parallelism for 
distance AB, is equal to angle B'A'fL', the angle of 
parallelism for distance A1 B1 • 
If the two angles are not equal, one of them is greater. 
Let BA!t be the greater. Construct angle BAC equal to 
angle B'A'Jl'. Let AC cut B!l in point D. (All is the first 
line that does not meet B!l.) Measure B'D' on B'fL' equal to 
BD, and draw A'D'. Then triangles ABD and A'B'D' are congru-
ent. (s.a.s.) From this, angle B'A'D' is equal to angle BAD. 
But angle BAD ( BAC) was cons true ted equal to angle B I A' .n. I , 
and we reach the absurdity that angle B'A'D' is at once less 
than, and equal to, angle B 1 AI~1 • 
BAiL and B'A'~' are equal. 
It follows that angles 
--==--=-=:: .. = u-=------
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The Saccheri Quadrilateral. 
It is recalled that Saccheri, in attempting to prove 
Euclid's Fifth Postulate, made use of what has since been 
known as the Saccheri Quadrilateral. This figure is con-
structed by erecting equal perpendiculars at both ends of a 
D.--------------,C 
A '-,:....._ ________ ~r B 
Figure 13 
line segment, and connecting the upper ends of these 
perpendiculars. (Figure 13). The angles at D and Care 
called the summit angles, and the line DC is called the summit.
1 
Theorem 3. 
The smamit angles of a Saccheri Quadrilateral are equal, 
and the summit is a non-intersecting line with respect to 
the base. E .~----------~----------~ C D 
Figure 14 
Given Saccheri Quadrilateral ABCD, (Figure 14), with 
AD equal to BC, and with right angles at A and B. 
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To prove that angles ADE and BCE are equal, and that 
DC is non-intersecting with respect to AB. 
Let EF join the midpoints of DO and AB, and construct 
DF and CF. Triangles DAF and CBF are congruent. (s.a.s.) 
Triangles DEF and CEF are congruent. (s.s.s.) Thus, angles 
ADE and BCE are equal. The supplementary angles at E are also 
equal and hence they are right angles. In the same way the 
angles AFE and BFE are right angles. Since lines DC and AB 
have a common perpendicular, DC is non-intersecting with 
respect to AB by I, 28. 
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SECTION EIGHT 
Theorem 4. 
A 
The summit angles of a Saaaheri Quadrilateral are aaute. 
, 
B 
Figure 15 
Given Saaaheri Quadrilateral ABCD, (Figure 15). 
'Po prove that the angles ADC and BCD are aaute. 
Construat D~ and CSL , the right-hand parallels to AB 
through D and C. Produae DC to any point E. Since DC is 
non-interseating with respect to AB (Theorem 3), the parallels 
will be within the angles ADO and BGE respectively. Angles 
ADSl and BGSl are angles of parallelism for equal distances, 
and so are equal (Theorem 2). In the figure CDSt the exterior 
angle ECrl is greater than the opposite interior angle CDrt 
(Theorem 1). If we add the equal angles ADJL and BG.ft respea-
ti vely to the unequal angles CD .fl. and ECJ2 , we find that 
angle BCE is greater than angle ADC. But angle ADO is equal 
to angle BOD (Theorem 3). Thus angle BCE is greater than 
angle BCD, and since these two angles are supplementary, 
angle BCD must be aaute. Its equal, angle ADC, is also acute. 
-'---- -----=--- ---.:·--n-;'---'-- -~-=-··-- -~-~ 
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I Lambert Quadrilateral. 
The German Lambert, in his efforts to prove the Fifth 
Postulate, constructed the figure ABCD (Figure 16) with 
right angles at A, B, and D. He was unable to prove that the 
fourth angle is a right angle. This quadrilateral is called 
a Lambert Quadrilateral. 
D c 
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Figure 16 
Theorem 5. 
In a Lambert Quadrilateral the fourth angle is acute. 
Figure 17 
Given ABCD, with right angles at A, B, and D. 
To prove that the angle at C is acute. 
Produce BA to E, making EA equal to AB. At E erect EF 
perpendicular to EB and equal to BC. Join F to D and draw FA 
and CA. Triangles FEA and CBA are congruent (s.a.s.). From 
========~F=============~--==~-~--================ I 
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II 
IJ 
ji this it follows that FA and CA are equ.al, as are angles EAF 
~~ and BAG. Since angles EAD and BAD are right angles, angles 
I FAD and CAD are equal, and triangles FAD and CAD are 
I, 
I! congruent ( s. a. s.). Thus angle FDA is a right angle because 
!\ it equals angle CDA, and FDC is a straight line. Therefore 
!I 
1: EBCF is a Saccheri 9-uadrilateral and the summit angle at C 
I is acute (Theorem 4:). 
SECTION NINE 
Theorem 6. 
The sum of the angles of every right triangle is less 
than two right angles. 
c T 
Figure 18 
Given any right triangle ABC, with the right angle at C. 
To prove that the sum of the angles of the right 
triangle ABC is less than two right angles. 
Construct angle BAD equal to angle OBA. From the 
midpoint S of AB drop ST perpendicular to CB. Take AR equal to 
TB and draw RS. Triangles RAS and TBS are congruent (s.a.s.). 
From this, angles ASR and BST are equal, and RST is a straight 
line. Also, angle ARS is a right angle because it is equal to 
angle BTS. Therefore the figure CTRA is a Lambert Quadrilat-
eral with right angles at C, T, and R, and thus angle CAR is 
·' acute (Theor~m 5). Thus the sum of angles CAB and BAD is less 
than one right angle, and since angles CBA and BAD are equal, 
the sum of angles CAB and OBA is less than one right angle. 
Hence the sum of the three angles of triangle ABC is less 
than two right angles. 
II 
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11 Theorem 7. 
The sum of the angles of any triangle is less than two 
right angles. 
c 
r, A ~-----.!...~----~ [3 
Figure 19 
Given any triangle ABC, with no right angles. 
To prove that the sum of the angles A, B, and C of 
triangle ABC is less than two right angles. 
Drop a perpendicular from a vertex C of triangle ABC 
to the opposite side AB and so divide the triangle into two 
right triangles. Since the sum of the angles of each of these 
right triangles is less than two right angles, it follows 
easily that the sum of the angles of triangle ABC is less 
than two right angles. 
Corollary. The sum of the angles of any quadrilateral 
is less than four right angles. 
Theorem 8. 
If the three angles of a triangle are equal respectively 
to the three angles of another triangle, the two triangles 
are congruent. 
A A' 
8' c' 
B ·--------.-:~ c 
Figure 20 
Given triangles ABC and A1B1 C1 , with angles A, B, and C 
equal respectively to angles A', B', and 0 1 • 
To show that the triangles are congruent. 
If they are not congruent, one of them must be larger. 
Assume triangle A'B'O' to be the smaller. Lay off AD equal 
to A'B', and AE equal to A'C'. Then triangle ADE is congruent 
to triangle A'B'C' (s.a.s.). It follows that angle ABC is 
equal to angle ADE, and so the sum of angles ABC and BDE is 
equal to two right angles. Similarly, t h e sum of angles ACB 
and OED is equal to two right angles. This results in the 
sum of the angles o:f quadrilateral BGED being equal to four 
right angles. But this is L--npossible by 11heorem 7 and its 
corollary, and the triangles ABC and A'B'C' must be congruent. 
Corollary. In Hyperbolic Geometry, all similar 
polygons are congruent. 
68, 
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SECTION TEN 
Review and summary:. 
In the nine days just passed we have seen that much of 
Euclidean geometry, the ordinary geometry of our high schools, 
is based on a postulate, or assumption, which seems reasonable 
enough but which nevertheless cannot be proved. We have seen 
that if we claim the right to make a contradictory assumption 
we can develop a geometry which, while it seems strange and 
junreasonable, is just as logical and scientific as Euclid's. 
Thus it appears that our selection of one system of geometry 
as being the best depends on which basic assumption we accept. 
Which ~eomet~is the "true" one? 
The discussion so far might very well cause you to ask, 
that since there are more than one equally scientific and 
logical geometries, which is the "trueu one? The answer is 
that there is no one geometry which is in itself "true". To 
ask this question is very much as if we asked which is the true 
temperature seale, Fahrenheit or centigrade? If we aeeept 
32 degrees and 212 degrees for the freezing and boiling points 
of water, the Fahrenheit scale is justified. If we postulate 
I 10 degrees and 100 degrees for the two temperatures, then the 
centigrade scale is equally justifiable. We need not lose a 
it of our faith and respect for the geometry we have learned 
in school, on the other hand we should now be able to have more 
respect for it because of a better understanding of what it 
really is, an excellent and very useful example of sound, 
logical deduction, based, like all logical deductions, on some 
necessary initial assumptions. Euclid's geometry is, to most 
' of us, the most practical and useful of all geometries. Our 
minds find the alternative geometries unreasonable, but perhaps 
if we understood more of the nature of our universe they would 
seem less unreasonable. Leaders in advanced scientific 
research find that Euclidean geometry is not suitable to every 
phase of the universe, and that the other geometries have 
actual practical use, as, tor example, in the considerations 
of the nature of physical space. Einstein's theory of 
relativity makes use of a non-Euclidean geometry. 
Generalization. 
Any system of deductive reasoning starts with one or 
more basic unproved assumptions. The extent to which we 
can accept the truth of any particular system of deductive 
reasoning depends upon the extent to which we admit the truth 
of the basic assumptions. Any one of the geometries is an 
excellent example of this. Mathematics in general is full of 
other examples. The truth is that not everything in mathema-
tics can be proved, what we do prove depends upon what we 
assttme at the start. Mathematics is an accurate science to be 
sure, but the accuracy is in the mathematical method, and we 
must not assume that the whole subject is in itself an Eternal 
==-=-=c:=-==~=---=-=-=-= -- - ----
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Truth given us by the Creator. our mathematical systems have 
been developed by mankind, and they started with unproved 
assumptions because they had to. 
This line of thinking is not limited to mathematics. We 
use deductive reasoning in many phases of life. In our 
· everyday logic, as in mathematics, it is true that not 
everything can be proved. We must always start with something 
which we accept on faith, and the truth of our deductions 
depends on the truth of our basic assumptions. We attempt to 
choose the assumptions which seem the most reasonable and 
usable for the circumstances. 
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CHAPTER V 
INTRODUCTION TO THE UNIT OF NAVIGATION 
PUrpose of the unit. 
The unit of navigation is constructed with several aLms. 
The first and most important of these is to develop in the 
student an appreciation of mathematics as it is used in 
practical application, particularly in respect to the fact 
that applied mathematics Yery often does not retain the 
standard of accuracy held forth by the theoretical mathematics 
of school text books. It is the intention of this unit to 
assist the pupil to understand that applied mathematics is 
usually made only as accurate as the situation calls for, that 
the loss in exactness is compensated for by increased facility 
of use, and that we often are called on to make a suitable 
compromise between accuracy and practical convenience. That 
1navigation is a good example of this principle is demonstrated 
in a statement by Dutton, who says: 
Navigation is not an exact science because, for facility 
of solution, it adopts many methods which are not exact 
but which, within limitations of use, produce no material 
error. The student should be prepared to meet with 
these inexact methods and to carefully note the limita-
tions or their use.l 
Throughout the unit this principle is stressed and 
1Benjamin Dutton, Navigation and Nautical Astronomy, 
Annapolis, Maryland: United States Naval Institute, 1942. 
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illustrated as much as possible. 
The second most important aim of the unit is to introduce 
the superior student to a branch of applied mathematic• which 
is of recognized practical value, of sufficient difficulty to 
challenge his ability, and which offers an unusually good 
opportunity for independent study. An interested and mature 
student may discover that the study of gao-navigation can lead 
him to the celestial branch, with the opportunity for the 
construction and use of many interesting instruments. 
The third aim of the unit is to provide a means for the 
student to develop greater understanding of, and skill in, the 
actual use of the geometry, trigonometry, and logarithms which 
he has studied in school. It is thought that navigation offers 
a good typical example of the real-life applications of these 
. ' . ~ 
subjects, with a degree of difficulty which makes it worth-
while for the type of student for which the unit is intended. 
The unit is not intended to be, and obviously is not, 
a comprehensive course in navigation. The material on piloting 
and plane sailing might be of some immediate use to students 
who sail small boats, but this would be an incidental result, 
iand not a particular aim of the unit. The practical value of 
the unit in the matter of navigation itself would be as an 
introduction and fundamental unit to the study of the subject. 
Prerequisites. 
A student taking up the work of this unit should have 
demonstrated competence in plane geometry and plane trigono-
metry. No special knowledge of spherical trigonometry is 
required. The student should be able to use logarithms, 
including the logarithms of the trigonometric functions. He 
should understand ordinary interpolation and proportional parts 
in the use of mathematical tables, and he should be well 
versed in angular measurement. 
Organization of the unit~ 
The unit is organized in ten sections, with each section 
intended as the work of an average single period of about 
forty-five minutes. The unit is thus intended to comprise 
the work of two five-day school weeks. 
The sections contain material on fundamental definitions 
and concepts, simple piloting, plane sailing, parallel sailing, 
middle latitude sailing, the construction of the Mercator 
chart, and Mercator sailing. A very brief description of 
great circle sailing is included. 
The content of the unit is selected and organized with 
four objectives in mind: .first, to illustrate the principle 
hich has been named as the chief aim of the unit; second, 
to develop knowledge of underlying theory; third, to provide 
the desired practical mathematical applications; and last, to 
equire the minimum of special materials. 
All solutions are arrived at by trigonometric methods, 
ather than by graphical methods or by the use of special 
- - -- - ------ - ~~=-
tables. The trigonometric method shows the basic theory 
and provides the desired practice in mathematical processes. 
The graphic method requires special plotting paper and 
charts, the solution by tables requires special tables and 
instruction in their use. 
A suitable problem for outside work is added to each 
section; and the tenth section of the unit is a test. 
Required materials. 
It is strongly recommended that each student be furnished 
with a mimeographed copy of each section. If this is not done, 
it is very strongly recommended that at least a copy of each 
illustrative example be made available to each student. A 
suitable number of world globes will be needed, one for each 
student would be ideal, and some stout waxed thread. The 
solution of the problems will require ordinary logarithmic 
tables, and tables of logarithms of the trigonometric functions 
including if possible log secants. Not absolutely necessary, 
1
1but advisable, is a copy of Bowditch. This last is especially 
!valuable as an excellent source of the required tables. A 
Mercator chart is also not necessary, but advisable. A 
spherical blackboard would be very useful, as would any stand-
ard text on navigation. 
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De:fini ti_on o:f navigation. 
SECTION ONE 
INTRODUCTION 
Navigation is the art of determining at any time the 
geographical position of a ship or plane, and o:f conducting 
the ship or plane :from one position on the earth's sur:face 
to another. The branch of navigation having to do with 
determining position is called celo-navigation, and makes use 
of the stars, the planets, the moon and the sun in its 
methods. The material in this unit will not deal with celo-
navigation, but will be of' the other branch, gee-navigation, 
which is the art of' conducting ships or planes :from one 
position to another. 
Exactness o:f navigation. 
Navigation is not an exact science, because it uses 
some basic assumptions and methods which are not entirely 
accurate, but which are accurate enough :for practical purposes 
i:f we understand their limitations and stay within these 
limitations. There are several methods of navigation, with 
dif:ferent degrees o:f accuracy and varying limitations to their 
uses. In practice, we select the method which will produce 
1results which are as accurate as we need and desire under the 
particular circumstances. 
Navigation is an excellent illustration o:f the fact 
that in the practical application o:f mathematics we o:ften 
sacrifice a certain amount of accuracy in favor of greater 
convenience and ease of use. The reason that much of 
navigation makes use of assumptions and methods which are 
not perfectly accurate is not because greater accuracy is 
impossible. We are quite able, if we desire, to use nothing 
but very accurate methods based on actual facts. We can 
make theoretical navigation completely accurate, but the 
necessary m~thematical processes involved would be cumber-
some and difficult to use, even if there were sufficient time 
to use them at all, and the results would be unnecessarily 
exact. So in navigation, as in many other instances of 
applied mathematics, we try to strike the best practical 
working balance between accuracy and convenience. We try to 
employ methods which are accurate enough for the circumstances 
involved, and as convenient as possible. Different 
circumstances call for different degrees of exactness. We 
are as accurate as we need to be, and make up for any loss 
of exactness with greater convenience. 
Marine and air navigation. 
Navigation, which was originally developed for use on 
the ocean, has now been adapted for use in the air as well. 
Air navigation differs in some respects from marine 
navigation, but the basic principles are the same. Marine 
navigation is the parent science, and the material in this 
unit will be in the marine branch for the most part. It 
8 0 
be understood that the principles presented here can 
e readily applied to air •avigation. 
e.finitions. 
Before proceeding with the study o.f navigation, we must 
irst thoroughly acquaint ourselves with a number of fundamental , 
efinitions and concepts. It is especially important to learn 
he meanings of a number of symbols which will be used 
epeatedly in the work to come. 
N 
s 
Figure 1 
(1) The shape of the earth is nearly that of a sphere. 
Its polar diameter is about 6860.5 nautical miles, and its 
81_· 
equatorial diameter is about 6884 nautical miles. In the 
following definitions, the earth is assumed to be a sphere. 
{2) The equator is the circle around the earth which 
is at all points midway between the poles. 
(3) The parallels, or parallels ot latitude, are 
circles on the earth's surface whose planes are parallel to 
the plane of the equator. 
(4) The meridians are circles around the earth which 
pass through the poles. They cut the parallels at right 
angles. 
(5) The prime meridian is the meridian which passes 
through Greenwich, England. Most nations use this meridian 
as the origin of measurement of longitude. 
(6) Latitude and longitude. In order to locate a 
place on the earth, we use a system of angular measurement. 
Latitude (symbol Lor Lat.) is the angular distance north 
or south of the equator, being oo at the equator and 900 at 
either pole. Longitude (symbol Lo or Long.), for most nations, 
is the angular distance east or west of the prime (Greenwich) 
eridian. The measurement of longitude starts at oo at the 
rime meridian, and runs in both east and west directions up 
The meridian of 1800 east is identical with the 
eridian of 1800 west. Both latitude and longitude are mea-
sured in degrees, minutes, and seconds of arc. The latitudes ~1' two different places are given the a,.bols L1 and L2 
02 0 , .. 
respectively, and the longitudes of the places are given the 
symbols Lo1 and Lo2• 
(7) Nautical mile. The unit of linear distance 
commonly used in navigation is the nautical mile. It is the 
length of one minute of are along the equator, or along a 
meridian. It equals 6,080.27 feet, or 1.15 ordinary miles. 
(8) Distance (symbol Dist.) between two places on the 
earth is the length, in nautical miles, of the rhumb line 
between them. A rhumb line is a line on the earth's surface 
ship or plane is proceeding. One common method of expressing 
course is in degrees from oo at north clockwise to 3600. 
Another way is to consider both north and south as being oo, 
and east and west as 90o. In this case a course is described 
as being north (or south) and so many degrees east or west. 
For example, a south-east course would be expressed as 
S. 450 E. This would correspond, under the first method given 
above, to a course of 135o. 
(10) A knot is a unit of speed. It equals a speed of 
one nautical mile per hour. 
8 3 
Assignment. 
Provide yourself with a world globe and become 
thoroughly familiar with the definitions given above. 
What is the position (Lat. and Long.) of your community? 
84 
SECTION TWO 
DIFFERENCE IN LATITUDE AND DIFFERENCE IN LONGITUDE 
Basic assumption. 
The earth is actually not a perfect sphere, its equator-
ial diameter is about 23.5 nautical miles greater than its 
polar diameter. It is entirely possible to use navigational 
methods which will take into account the actual shape of the 
earth to a very high degree of accuracy. But they would 
necessarily be very complicated, and for most practical navi-
gation, the time and effort required would not be justified -
or desirable. A good deal of the computation of navigation is 
, done in a hurry, and winds and currents are uncertain enough 
to introduce error into the most theoretically exact computa-
tion. Therefore, much of practical navigation is based on the 
assumptio.n that the earth is a perfect sphere. If we are 
aware of certain limitations and keep within them, the error 
resulting from this assumption is immaterial. 
Definitions. 
The difference of latitude (symbol DL) of two places on 
the earth's surface is the angular length of the arc of a 
meridian intercepted between their parallels of latitude. 
In figure 2, which represents the earth in cross section, 
the arc AB = angle AOB = DL between points A and B. The 
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Figure 2 
di£ferenee of their latitudes and is named N. or s. according 
to the direction in which it is made good. 
The difference of longitude (symbol DLo) between two 
places on the earth's surface is the angular length of the 
shorter arc of the equator intercepted between their meri-
dians. The difference of longitude of two places is the 
algebraic difference of their longitudes except when this 
difference is greater than 1800 in which case it must be sub-
tracted from 360o. (Inspect a world globe to see the truth of 
the last statement.) Difference of longitude is named E. or w. 
according to the direction in which it is made good. 
Departure (symbol Dep.) is the linear measure, in nauti-
cal miles, of an arc of parallel included between two meri-
dians. It differs from DLo in that it is measured in miles, 
and not in degrees. It is the distance in nautical miles 
gained, or made good, due east or west by a ship sailing in 
any direction. Departure is marked E. or w. according to its 
direction. 
8F 
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Note that the angular measure (DLo) between two meri-
diana is the same at all latitudes, but that the departure 
(Dep.) between them varies. 
Miles and difference in latitude. 
Under the assumption stated in the first paragraph, the 
meridians are all great circles having the same circumference 
as the equator. A nautical mile, by definition, is the length 
of one minute of arc of a meridian, or of the equator. There-
fore, the measurement of difference of latitude is identical 
in both minutes of are and in nautical miles at all times. DL 
in minutes of arc is equal to nautical miles. 
Miles an~ dif!erenc~ longitude. 
Any parallel of latitude is a smaller circle than the 
equator, and it follows that only along the equator is a 
minute of are of longitude equal to a mile. The higher the 
latitude, the shorter will be the actual length of a minute 
of are along a parallel because the parallels decrease in 
circumference as the poles are approached. In order to 
convert difference of longitude from are to miles, we must 
develop the following formula. 
In figure 3, 0 is the earth's center and N and S are 
the poles. F and D are two points on a parallel of latitude, 
and NFS and NDS are the meridians through points F and D 
respectively. These meridians cut the equator at points 
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Figure 3 
A and B. R is the radius of the earth, and r is the radius 
of the parallel FD, whose center is at E. Angle BCD is the 
latitude, L, of FD. The arc AB of the equator is the 
difference of longitude, DLo, between the two meridians, and 
the arc FD is the corresponding departure, Dep., in the 
latitude of F and D. By definition, a nautical mile is the 
length of a minute of arc along the equator, therefore the 
length of arc AB in miles can be converted directly to DLo in 
minutes of arc. The problem is to find the corresponding 
departure, in miles, in the latitude of FD. 
The angles FED and ACB are equal, therefore the arc FD 
r-===~~~~========================~====================~======= 
is in the same ratio to the circumference of th~ small circle 
that arc AB is to the circumference of the large circle 
(equator) , or, 
arc FD arc .AB 
circumference of small circle - cir~umference of equator 
·;..· 
The circumferences of the two circles are respectively 
2 Tl' r and 21TR, therefore, 
arc FD 
2nr = 
arc AB 
211' R 
arc FD _ 21T r r 
are AB - 211' R =- R 
and are FD = are AB r 
R 
Since BC and DE are parallel, angle EDC = angle BCD : L 
r R = cos L 
Therefore arc FD z arc AB cos L 
But arc FD is the departure, in miles, and arc AB is the 
difference in longitude, DLo; so we arrive at the formula 
(1) Dep. = DLo cos L 
Stated !n words, departure in nautical miles is equal to 
the corr esponding difference of longitude in minutes of arc 
multiplied by the eosine of the latitude. From formula (1) 
we can derive 
(2) DLo = Dep. sec L 
Q · 
'C).-.j 
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Problem for assignment: Find the missing quantities. 
Dep. DLo Lat. 
150 mi. 40°N. 
39° 16°S. 
1 mi. 45°N. 
136.4 mi. 37°s. 
180° 60°N. 
75°-16 1 22°N. 
I 9~1 
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SECTION THREE 
GREAT CIRCLE COURSES AND RHUMB LINES 
Great circles. 
A great circle on a sphere is a circle whose plane · 
cuts the center of the sphere. If we assume that for most 
practical purposes the earth may be regarded as a perfect 
sphere, the equator and the meridians are great circles of 
the earth. In addition to these, there are an infinite 
number of great circles on the earth. It is possible to 
draw a great circle through any two points on the earth's 
surface. Note that the only parallel of latitude which is 
a great circle is the equator, the others are successively 
smaller circles whose planes are parallel. 
Rhumb lines. 
A rhumb line is a line, or course, which maintains a 
constant direction on the earth's surface. An examination 
of a world globe wi.ll show that the equator, the parallels 
of latitude, and the meridi.ans come under this definition, 
but we do not think of them as rhumb lines, at least in the 
case of the equator and the meridians. As an example of a 
I rhumb line, consider a line drawn on the surface of a world 
I 
globe so that it always runs exactly north-east. Since the 
meridians run exactly north and south, our rhumb line would 
cut every meridian at an angle of 450. The meridians 
converge as they approach the pole, so that our rhumb line, 
"· 
in crossing every one at the same angle, would not be a 
straight line, but would be a curve which spirals toward, 
but never reaches, the pole. In figure 4 we try to show 
this by projecting the meridians on a flat surface as straight 
Figure 4 
lines. If the above statements are not clear, they may be 
clarified by sketching, on a world globe, a curve which 
maintains an unchanging direction, in other words, a curve 
which cuts all meridians at the same angle. 
Parallels of latitude are a special type of rhumb lines 
which cut all meridians at right angles. All other rhumb 
lines are curves, which, because they cut all meridians at the 
same angle, spiral toward, but never reach, the poles. They 
are not straight lines. A rhumb line can be drawn to connect 
any two points on the earth's surface. 
The shortest distance. 
The shortest distance between any two points on the 
---'· 
earth's surface is along the great circle which passes through 
both of them. This is not always apparent to us at first, 
because it sometimes contradicts our first impressions about 
the direction in which lies the shortest distance. Let us 
consider a few examples to illustrate that we cannot, in this 
matter, rely entirely on our intuition. We will need to 
confirm the following statements by using a world globe. 
If we are at one pole and wish to procede to the other, 
we can see that our shortest route is along a meridian, which 
is a great circle. Furthermore, it makes no difference which 
one we choose, at the pole all directions are the same. If 
we are on the equator and wish to proeede to another point 
on the equator exactly opposite, our shortest route is along 
a great circle, any great eirele, halfway around the earth. 
It makes no difference in which direction we start off, 
assuming the earth to be a perfect sphere. 
Let us assume that we are to procede from Boston to a 
point at the same latitude half way around the earth. An 
examination of the globe shows us that this point is some-
where in the Gobi Desert of Mongolia. Since this point is 
at the same latitude as Boston, it is due east (or due west) 
of that city, and is no farther north. But it is obvious 
from looking at the globe that the shortest distance between 
the two points is not east or west, but up over the north 
pole. Therefore to go to a place east (or west) of us we 
would, in this case, start north, if we were to follow the 
9 3· 
shortest route. 
Perhaps the most difficult case to comprehend is the 
fact that it is possible to have two points on the earth's 
surface, with point B farther south than point A, and to find 
that if we follow the shortest route from A to B we first 
start by going not south, but further north. A good way 
to demonstrate this is to use a smooth-surface world globe 
and a piece of stout thread which has been rubbed with wax 
to make it slide easily over the surface of the globe. Then 
if we stretch the thread between any two points on the globe, 
and pull it taut, it will adjust itself to the shortest 
distance between the points. Hold one end of the thread on 
Boston, and the other end on the southern tip of India, which 
is east of us and considerably farther south. Pull the 
string tight, and "sawtt it back and forth a few times until 
it bas adjusted itself to the shortest length between the 
points. Then it will be seen that, upon leaving Boston, the 
route starts in a north-easterly direction, rather than 
south-east. Note too that the string outs every meridian 
at a different angle, in other words it differs from a rhumb 
line because it changes its direction constantly. 
Summary. 
Any two points on the earth can be connected by two 
types of courses, great circles and rhumb lines. The shortest 
distance between any two points is the lesser arc of the 
Ott 
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great circle through them. In spite of the fact that great 
circle courses are shorter, rhumb lines are used very much 
more because they are more convenient to compute and follow. 
Great eircle courses are used for long distances, in which 
case rhumb lines would be materially longer, and when it is 
desired to conserve fuel or time. Remember that the parallels 
of latitude are a special type of rhumb line, and are not 
great circles. 
Assignment. 
Provide yourself with a waxed thread and a world globe, 
and investigate the shortest routes between points on the 
earth. Why do planes flying to England from Boston and New 
York fly over Newfoundland? What are the shortest airplane 
routes from points in the United States and Canada to points 
in Europe and Asia? What is the shortest route from the 
southern tip of South America to Sumatra and Java? From 
Alaska to South Africa? 
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P1loting. 
SECTION FOUR 
PILOTING 
Piloting is the art of conducting a vessel along coasts 
and in harbors and channels, where the ship's position can be 
calculated by means of buoys, lights, landmarks, and other 
aids to navigation. It calls for a very high degree of skill, 
for the slightest error may bring disaster. 
Most of the problems of piloting are solved by graphic 
methods which require suitable charts and instruments. We 
will not attempt any graphic methods here, but will consider 
three very useful eases which can be solved easily by 
computation. They are good examples of trigonometry in 
practical application. 
Definitions. 
In the material which follows, a bearing is defined 
as the angle between the line of sight from a ship to a 
fixed object, and the line of the ship's keel, or course. 
In figure 5 the angle 0~ is the bearing of object C from 
point A of the ship's course. ?C 
/ 
~//\ sh:p's Co"' ,..se )or B 
Figure 5 
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The meanings of bow and beam are shown in figure 6. 
Figure 6 
A bearing on the bow means an angle of 45° from the ship's 
course, and a bearing on the beam is an angle of 90°. 
Two bearings of a known object. 
This is a method of establishing a ship's position in 
relation to some known visible landmark. In figure 7, Cis 
c 
course 
A B 
Figure 7 
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a known fixed object. As the ship proceeds along its course 
in the direction shown, bearing a is taken at point A. When 
the ship reaches point B, bearing b is observed. The distance 
AB is found either by reading the log, or by using the known 
speed of the ship and the time elapsed between taking the 
two bearings. The di.stanc.e :A.B is called the known run. 
In triangle ABC, angle ABC = 1800- b, and from this, 
angle C = 180°- (a+ 180°-b) : b - a. In triangle ABC we 
thus know the three angles and side AB. 
By the sine law, 
CB AB 
Sln a- sin e = 
AB 
sin (b-a) 
CB = ;AB sin a 
slri (b-aJ ( 1) 
This formula (1) gives the distance from object 0 at 
the time of the second bearing. It is also possible to 
predict the distance at which the object C will be passed 
abeam (at riiht angles to the keel of the ship). In figure 8, 
we have dropped the perpendicular CD from C to the line of 
the ship's course. '!'his is the distance we wish to predict. 
c. 
COWl-S I/! 
A I'Wrt B D 
Figure 8 
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In right triangle BCD, 
CD : OB sin b 
But, (1) 
Hence, ( 2) 
Bow and beam. 
CB ::. AB sin a 
sin (b-a) 
CD _ AB sin a sin b 
- · sin (b-a) 
A simple application of trigonometry is found in the 
very useful bow and beam method of fixing a ship's distance 
from a known object. 
c 
COI4,..Se 
A 8 
Figure 9 
In . the bow and beam method, figure 9, point A is the 
point on the ship's course where the bearing to object C is 
on the bow, or 450. Point B is where C is on the beam, or at 
an angle of 90°. '!'he distance AB is known, either from 
readings of the ship's log, or by knowing the time and speed 
between A and B. Then in triangle ABC, side AB : CB, hence 
9 0. ..__. 
====~==~~~-~· ==~~======================- ~====-==-~~========================~- =-~-=-==-~~=-= 
when the vessel reaches point B it is as far from C as the 
distance covered since taking the .bearing at A. 
Doubling the angle on the bow. 
In this method, a bearing, a, is taken at A, figure 10. 
c 
COUI-Se 
Figure 10 
and a continuous bearing is taken until the ship reaches a 
point B where the bearing is twice what it was at A. The 
distance AB is known, as explained before. In triangle ABC, 
b ; 180°- 2a 
a+ b + c = 1800 
a + 180° - 2a + c ~ 180° 
a - 2a + c =. 0 
Therefore, ABC is an isosceles triangle, and AB =BC. Hence, 
when the bearing of an object on the bow is doubled, the 
distance to the object at the time of the second bearing is 
equal to the known run between the bearings. 
_00 
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Problem for assignment. 
A ship, making a constant speed of 20 knots, observes 
a bearing of 350 on a lighthouse. Twelve minutes later the 
bearing of the lighthouse is 48°. What is the ship's 
distance from the lighthouse at the point of the second 
bearing, and at what distance will the light be when it is 
on the ship's beam? (Answers: 10.2 miles, 7.6 miles) 
SECTION FIVE 
PLANE SAILING (OR PLANE FLYING) 
Basic assumption. 
In plane sailing we assume that a very small area of the 
earth's surface is a flat, or plane, surface. It is true, of 
course, that the earth is spherical in shape, but for some of 
the practical purposes ot navigation we can disregard the · 
curvature of the earth's surface without bringing in too much 
error, if we keep within certain limitations. 
The formulas of plane sailing. 
Having assumed a plane surface, plane sailing is nothing 
more than the application of plane trigonometry. 
A Figure 11 
In figure 11 we are considering the case of a ship 
sailing from A to B. We can form a plane right triangle in 
which AX is the meridian of point of departure A, BX is the 
parallel of destination B, and AB is the rhumb line connect-
ing A and B. Angle XAB, or 0, is the course angle. In this 
triangle AX is the difference in latitude, DL, between 
points A and B, BX is the departure, and AB is the distance. 
1.00 
=========#==~-=-=-~~==~~==============================================~======== 
I 
I 
II 
From this triangle we deduce, by trigonometry, the following 
formulas: 
( 1) sin C = Eipt 
. s • 
( 2) eos C 
(3) tan c 
( 4) Dist. 
Course angle. 
:. DL 
Dist. 
: Dep. 
DL 
!!: De;e. 
sin 0 
or Dep. = Dist. sin C 
or DL ::. Dist. eos C 
= 
DL 
eos 0 
The course angle, C, is expressed in quadrants from 
0 degrees at north or south toward the east or west, with N. 
or s. and E. or W. used to indicate the proper directions. 
For example, in figure 12, a course of 1300 is the same as 
s. 500 E. In this ease if south is taken as 0 degrees, the 
course angle is 50° east of south. 
N 
5 
Figure 12 
Limitations to plane sailing. 
It can be shown, by a proof which will not be repro-
duced here, that the above formulas (1) and (2) are accurate 
for finding values of DL and Dep. for any given values of C 
and Dist. However, because o£ the actual curvature o£ the 
earth, the £ormulas (3) and (4) are not accurate £or £inding 
values of 0 and Dist. £rom given values o£ DL and Dep. The 
error is immaterial under the £ollowing conditions: 
(1) When the distance is small. 
(2) When the change in latitude is small. 
(3) When the angle the course makes with a meridian is 
small. 
(4) When near the equator. 
Therefore, the plane sailing £ormulas may be used to 
£ind values of DL and Dep. £or any given values o£ 0 and Dist., 
but their use for finding 0 and Dist. is restricted by the 
limitations just given. All the £ormulas are accurate enough 
£or short distances, up to about 200 miles. 
Note that the plane sailing formulas £ind values of 
DL and Dep. in miles, and not degrees. In the case of DL, a 
mile is always equal to a minute of latitude, but the ratio 
between a mile and difference in longitude depends upon the 
location on the surface of the earth. Therefore the quantity 
DLo can be neither used in nor found from the plane sailing 
formulas alone. 
Examples. 
(1) A ship steams 124 miles on a course of 275o 
(N. 85 °W.) from a position Lat. 40°- 00'- oott N., Long. 
450- oo•- oo" w. 
II 
Required: The departure, the change of latitude, and the 
N 
l P~ip. 
latitude arrived at. 
Dis f. -- I --:-:------- J\lo L Z .,.. ,., i I e s ·-r~- 1 
Figure 13 
Solution: Formulas, Dep. : Dist. sin C; DL ~ Dist. cos C. 
Dist. 124 miles log 2.09342 log 2.09342 
a N. 850W. log siR 9.99834-10 log cos 8.94030-10 
Dep.: 123.53 miles log 2.09176 
DL = 10.807 = 10.8 1 N. log 1.03372 
L1 =starting latitude, L2 =latitude of arrival. Since in thi~ 
case the change in latitude is northward, 
L1 : 40° - oo.o• N. 
DL : 00° - 10.8 1 N. 
L2 : 40 - 10.8' N. :latitude arrived at. 
Notice that in this case the change in latitude is added, 
since the change was northward. If it had been southward, we 
would have subtracted it from L1 • 
(2) A ship is 115 miles west and 75 miles south of her 
destination. 
II 
Required: Course and distance to destination. 
c 
Dep. = /IS' w.i/eJ 
Figure 14 
Solution: Formulas, tan C = Dep. • Dist = Dep. DL ' • sin C 
nap. 115 miles E. log 2.06070 log 12.06070-10 
DL 7 5 miles N. _l...;..o~g ___ ~l"'-'.:;..._8_7 5_;.0_6 
C = N.56o-53'-20"E. log tan 0.18564 log sin 9.92305-10 
Dist. = 137.29 miles log 2.13765 
Problems for assignment. 
1. A ship leaves a position in latitude 300 N. and 
steams 716 miles on course 234o. Find the departure, change 
in latitude, and latitude of point of arrival. 
0 . (Answers: 579.26 miles w., 420.85 miles s. = 7 -00'-51" s., 
L2: 30°-42 1-05" N.) 
2. The destination of a ship is 78 miles southward and 
63 miles eastward of the ship. What is the course and dis-
tance? (Answers: 8.380-55'-40" E., 100.26 miles.) 
SECTION SIX 
PARALLEL SAILING AND MIDDLE LATITUDE SAILING 
Parallel saili~. 
If a ship sails directly east or west there is no 
.change of latitude, and all the distance covered is depart-
ure. This is the simplest form of sailing which takes into 
account the spherical form of the earth. Parallel sailing 
problems have only to do with changes in longitude. In 
parallel sailing we can convert either departure or differ-
ence in longitude into the other, which is impossible in 
plane sailing. We can do this by using the formulas derived 
in Section Two, 
(1) Dep. ~ DLo cos L 
(2) DLo ~ Dep. see L 
Example._ 
A plane in latitude 380 N. flies a course of 2700 
for 305 miles. If the lo~gitude left was 850 W., what was 
the longitude arrived at? 
Solution: Formula DLo ~ Dep. see L 
Dep. 305 log 2.48430 
L 38° N. log sec .10347 
DLo = :387.1' w. log 2.58777 
= 6°-27.1' w. 
Long. 85°- 00.0' w. 
DLo so- 27!1' w. 
Long. ~ 91°- 27.1' w. 
Middle latitude sailing. 
When a ship or plane travels in a direction not 
directly east or west, but so that latitude as well as longi-
tude changes, the departure made good is not equal to the 
departure measured on either the latitude of the point of. 
departure or the latitude of the point of arrival. Figure 15 
represents a section of the earth 1 s surface, including the 
north pole, N. 
N 
Figure 15 
We are considering . a ship preceding along the rhumb 
line from A to B. In doing so, the ship's latitude changes 
from parallel AY to XB. The change in longitude (DLo) is the 
angular difference between the meridians through A and B. 
But it is evident that, since the meridians converge as they 
approach the pole, the linear length in miles of arc XB is 
less than are AY, even though the angular length in degrees 
is the same for these two ares. If we are required to compute 
the departure, in miles made good by the ship, we cannot 
measure it on either arallel of latitude XB or AY. 
1!0~ 
_,..._ ' .... .... 
' 
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In the method of middle latitude sailing, we assume 
that the departure made good can be measured along the parallel 
i midway between the latitudes of the points of departure and 
I arrival. In figure 15 CD is the average, or middle, latitude 
along which we measure the departure made good. 
The error present in this method is that the meridians 
do not approach each other as straight lines, but rather as 
curves, and so the departure is not exactly as measur.ed on the 
parallel of the middle latitude, CD. The met~od of middle 
latitude sailing gives us only approximate solutions, but the 
error is immaterial and the method is practical if we use it 
only for distances of less than 600 miles, and for latitudes 
not over 5m0 , and only on one side of the equator. 
In the section on plane sailing we learned that the 
formulas Dep. ; Dist. sin C and DL ~ Dist. cos C are accurate 
for any given values of 0 and Dist., so we can use these 
formulas in middle latitude sailing. 
Th.e middle latitude ( Lm) is the average of the latitude 
of departure (Ll) and the latitude of arrival (L2), or 
Ll-.. L2 ~ :. __.;;;;..,.,2__..:;;. 
Substituting Lm in the accurate formulas of parallel sailing, 
we have the additional formulas for middle latitude sailing. 
(1) Dep. : DLo cos Lm 
( 2) DLo ::. Dep. sec Lm 
======~F=====-==-- -======================================~~====== 
Example. 
A plane flies from Lat. 400 N. 200 miles on a course of 
35°. Find the difference in latitude, the departure, and the 
difference in longitude. 
Solution: Formulas, DL ~ Dist. cos .C; Dep. ~ Dist. sin C; 
and DLo ~ Dep. sec Lm 
Dist. 200 mi. log 2.30103 log 2.30103 
0 log cos 9.91336-10 log sin 9.75859-10 
DL :: 163.8 1 N. log 2.21439 
= 2°-43.8 1 N. log 2.65962 
Dep. : 114.7 mi. E. 
Starting latitude = Ll : 40°- oo.o• N. 
Change in latitude:. DL ::. 20- 43.8 1 N. 
Arriving latitude : L2 .: 42°- 43.8 1 N • 
Middle latitude = 1m 410 - 21.9 1 
N. 
Dep. 114.7 mi. E. log 2.05962 
L 41°-21.9 1 N. log sec .12464 
m 
DLo - 152.8' E. log 2.18426 
= 20 - 32.8 1 E. 
Problem for assignment. 
A ship at position Lat. 44° - 37.0' N. and Long. 
420 - 15.0' W. travels 456 miles on course 2180. Find 
Dep., DL, DLo, and the latitude and longitude arrived at. 
{Answers: Dep. ~ 280.7 mi. W., DL s §O- 59.3' s., 
DLo ~ 6°- 15.6' W., L2 ~38°- 37.7' N., Lo 2 ~ 48°- 30.6' W.) 
' 
Prelimina~y statement. 
' 
SECTION SEVEN 
THE MERCATOR CHART 
The :construction of charts of the earth's surface is 
; 
another good example of the fact that in the application of 
mathematics we must strike a suitable balance between 
accuracy and convenience. If we were to be perfectly exact, 
our chart~ would have to be scale models of the earth itself, 
or of a portion of it. This would be impractical for any-
thing except the most precise computations. In an effort to 
' project t~e surface of the earth on a flat piece of paper 
in a mann~r which is accurate enough for the circumstances, 
and yet is convenient enough to be practical, several types 
: 
of charts ihave been developed. Different circumstances call 
for different types of charts, but the one which has been used 
' 
more than 1 any other is the Mercator chart. 
Theory of !the Mercator chart. 
The !meridians of the earth's surface converge in a point 
; 
at each pole, and are farthest apart at the equator, as shown 
in figure i ~6. In the Mercator projection of the earth's 
surface t~e meridians are drawn as straight parallel vertical 
lines. The parallels of latitude are drawn as straight 
parallel horizontal lines, as shown in figure 17. 
Projecting the meridians as equidistant lines means 
that the earth's surface is represented as being "stretchedn 
il /d 2 
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Figure 16 Figure 17 
I 
in east and west directions, at all points except along the 
I 
equator. This lateral distortion increases as the distance 
from the equator becomes greater. To demonstrate this 
distortion, let us consider the actual surface of the earth. 
on the equator, by definition, a degree of longitude is equal 
to 60 nautical miles. We have seen, in Section Two, that the 
higher the latitude, the shorter will be the length of an arc 
of longitude. We use the formula Dep. : DLo cos L to find 
the departure in miles corresponding to a degree of longitude 
at latitude soo. Substituting in the formula, 
Dep. : 60 .miles x cos 60°, we find that the length of an arc 
of one degree of longitude is 30 miles at latitude 600, just 
half of what it is at the equator. But on a Mercator chart 
the meridians ar,e drawn equidistant, as shown in figure 17, 
and the distance between meridians is pictured as being the 
same at latitude 600 as at the equator. It follows, therefore 
i 
that the Mercator longitude seale at 600 latitude is twice 
the seale at the equator. In fact, the only place where the 
I 
longitude 'seale is correct on a Mercator chart is along the 
equator. 
In qrder to keep the chart conformal, that is, to keep 
the shape .of the areas it shows, it is necessary to "stretch" 
the latitude seale in the same manner and proportion as the 
longitude ,scale. Since the expansion of the longitude 
scale increases with the distance from the equator, the 
latitude ~cale must be increased at the same rate to keep 
in proportion. Therefore, on the Mercator chart the 
i 
parallels :of latitude are farther apart in the higher 
latitudes. Two equal areas of the same shape will appear to b 
of different sizes in different latitudes, the higher the 
latitude, •the larger the appearance. The general shape 
remains the same. Figure 18 shows a section of the earth's 
surface including a triangular area ABC. Figure 19 is a 
Mercator projection of the same section, showing the expan-
sion of the latitude scale in proportion to the longitude 
! 
scale, and the appearance of the same area ABC. 
p' P' p• P' 
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Figure 18 Figure 19 
Advantage : of Mercator projection. 
In view of the fact that the Mercator projection expands 
the area depicted by varying amounts, some people might 
wonder why it has been used more than any other type of chart. 
Its chief advantage is that on it any rhumb line appears as 
a straight line, since a rhumb line crosses every meridian 
at the same angle, and on a Mercator chart the meridians are 
parallel. · 
Construction of a Mercator chart~ 
The .usual method of constructing a Mercator chart 
involves mathematics of a higher order than we can introduce 
here. In this method, the fact that the earth's meridians 
are not perfect circles is taken into account. 
We will, however, reproduce here a method of graphical 
construction which is described in War Department TMl-205.1 
Graphical construction of a Mercator chart• 
I 
F 
·41° 
I I ,c 
Figure 20 
1Air Navifation, War Department Technical Manual 
No. 1-205, Wash ngton, D.C.: U.S. Government Printing Office, 
1941, pp. 258-260. 
- :16. 
The graphical construction of a Mercator chart is based 
on the assumption that the earth is a true sphere, in which 
case the meridians are true circles. While this assumption 
is not exactly true, for a small area the resulting error may 
be disregarded. Cross-section paper will facilitate the 
construction. 
Required a small area Mercator chart from latitude 40°N. 
to 430 N. ,' and from longitude 75° w. to 78° w., on a scale of 
3 inches to 10 of longitude. Each integral degree of latitude 
1 
and longitude is to be subdivided into 10 1 intervals. 
(Figure 20) 
Draw a straight line 9 inches in length parallel to the 
lower edge of the sheet. ~his will represent the base paralle 
of latitude 40000 1 N. From the ends of this line and at 
3-inch intervals along it carefully erect perpendicular lines, 
which from right to left will be the meridians 750. w., 760 w., 
77° w., and 78° W. 
Lay off a line AB so that angle BAC equals the mean 
latitude between the parallels 40° and 41°, or 40°30'. Then 
from triangle ABC, AB : AC sec BAC, or the length AB is the 
longitude scale expanded in the ratio of the secant of the 
latitude. This, it will be remembered from parallel flying, 
is the same ratio that was found to exist between DLo and 
Dep. or, in other words, the amount by which the scale of a 
Mercator :chart has been expanded at · any given latitude by 
drawing the meridians as equidistant parallel lines. 
Measuring upward along the meridians from the base 
0 parallel 40 lay off the distance AD equal to AB, and through 
these points draw the parallel of latitude 41°. 
In the same manner, determine the parallel 42° by laying 
off the line DE so that angle EDF equals 41°30', and the 
' parallel 430 by laying off the line GH so that angle HGI 
equals 42°30'. 
On the border, parallels and meridians subdivide the 
degrees into 10' intervals of longitude and latitude, by 
dividing each degree into six equal parts. Eaeh degree of 
latitude must be separately subdivided. 
Problem for assignment. 
Construct a Mercator projection of a small section of 
a world globe. 
·I 
SECTION EIGHT 
MERCATOR SAILING 
Oblateness of the earth: Meridional parts. 
In long distance sailing, such as is done with a Merca -
tor chart, we cannot disregard the fact that the earth is not 
a true sphere. In the construction and use of Mercator 
charts the oblateness of the earth must be taken into account. 
The earth bulges and curves more rapidly at the 
equator. A degree of latitude is generally assumed to equal 
60 nautical miles, and this would be true if the earth were 
a perfect sphere. Actually, because of the earth's oblateness, 
a degree of latitude at the equator is 59.7 miles, and at the 
poles it is 60.3 miles. Somewhere in between there is a point 
where a degree of latitude equals 60 miles. 
on Mercator charts latitude is corrected for the earth's 
oblateness, as well as for the expansion of the scale, by units 
of measure called meridional parts. Meridional parts are the 
length of an arc of a meridian expressed in units equal to one 
mile, or one minute, on the equator. For example, if the 
earth were perfectly round, the meridional parts for latitude 
400 N. would be 40 x 60 : 2400. on a Mercator chart, because 
of the nstretch'' factor and because of the real shape of the 
earth, the meridional parts for 400 N. are 2607.6. The 
computation of meridional parts is a difficult process, and 
luckily it has all been done for us in prepared tables. 
19. 
(Table 5, : Bowditch) 
Mercator sailing: Formulas. 
In figure 21, A and B are two places on a Mercator chart 
AB is the ,rhumb line between them, XB is the difference in 
X OLo 
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Figure 21 
longitude (DLo) and XA is the difference in latitude. If we 
express the latitude of X in meridional parts (M2 ) and the 
latitude of A in meridional parts (M1), then the length of XA, 
in meridional parts, is M2 - M1 ~ m. Then in the triangle, 
(1) tan C = DLo 
m 
When the course angle C is known, the distance may be 
found from ,the plane sailing formula: 
(2) DL : Dist. cos C or Dist. ::. DL sec C 
Example. 
A plane leaves a point at Lat. 340- 27.6' N., 
Long. 139° ' - 41.5 1 E., near Yokohama, and flies to 
Lat. 200 - 38.7' N., Long. 1570 - 54.2 1 W., near Honolulu. 
What is the course and dist~ce? 
::-~ 
--
-
! 
. 
..... ~ 0 0 
' 0 
' 
0 ~ '0 
" 
-' i 
Solution: Formulas, tan 0 
Ll = ,34° - 27.6 1 N. 
L2 :. '20° - 38.7 1 N. 
DL :. 113° - 48.9 1 s. 
:. 828.9' s. 
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Figure ·22 
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From the tables of meridional parts (Bowditch), 
meridional ,parts for Lat. 34° - 27.6 1 N • .:. 2191.6 = M1 
meridional parts for Lat. 20° - 38.7 1 N. = 1258.2 - M2 -
Ml .2191.6 
M2 1258.2 subtract 
m .:. 933.4 - DL expressed in meridional parts. 
-
-- -
'12 :t _. 
In the matter of finding the difference in longitude 
(DLo) we can see, in figure 22, that we have the special case 
where the ·course crosses the 1800 meridian. The total DLo 
in this case is equal to (180° - Lo1) + (180° - Lo2 ) or 
3600 - (Ll + L2)• 
139° - 41.5 1 
157° - 54.2 1 add 2970 - 35.7 1 subtract 
35.7 1 24.3 1 E. 
:. 3744.3 1 E. 
We a;re now ready to compute 0 and Dist. by using the 
formulas. 
DLo 3744.3 1 E. log 3.57337 
m 933.4 1 s. log 2.97007 subtract 
.. 0 :. s. 76° - 00' - 08" E. log tan 0.60330 
0 76° - 00 1 - 08" E. log sec 0.61639 
DL 828e9 I s. log 2.91850 add 
- - -- ··l 
.... Dist~ :. 3426.8 mi. log 3.53489 
Limitations. 
The Mercator method is accurate for any course and 
distance. The formula tan C =. DLo should not be used for 
m 
courses near east or west, as tan goo is infinite. In this 
case middle latitude sailing is better. 
2? 
Problem for assignment. 
The s. S. General Ogden is to steam from a position at 
Lat. 300 N:•, Long. 810 W. (off northern Florida), to a 
position at Lat. 49° N., Long. 05° W. (English Channel). 
What is the course and distance? The meridional parts for 
Lat. 30 o~ 1876.7, and for Lat. 490 ~ 3364.4. (Answer: 
C:: N. 71°, - 55.9 1 E.; Dist. :. 3675.5 miles) 
SECTION NINE 
GREAT CIRCLE SAILING 
SUMMARY 
Great circle sailing. 
It has been shown in an earlier section of this unit 
that the shortest distance between two points on the earth's 
surface is along the great circle which passes through them. 
In the ease of a great distance there is a material saving of 
distance if a great circle course is followed rather than a 
rhumb line. In following a great circle, the compass directio 
of the course changes constantly, since, with the exception 
of the equator and the meridians themselves, all great circles 
out every meridian at a different angle. This creates a 
difficulty :which is usually overcome in actual practice by 
' 
changing the course at regular intervals, so that a ship when 
sailing a great circle track actually sails a series of short 
rhumb lines, about 300 miles long. The mathematics of great 
circle sailing is of a more involved nature than we wish to 
introduce bare. 
Review. 
In this unit we have studied the fundamental definitions 
and concept's or navigation, a few or the practices of piloting, 
and most of the sailings. A good general description of the 
sailings is found in Bowditch, and is repeated here. 
In considering a vessel's position at sea with 
reference to any other place, either one that has been 
left or one toward which the vessel is bound, five terms 
are involved - the course, the distance, the difference 
of latitude, the difference of longitude, and the 
departure. The solutions of the various problems that 
arise from the mutual relation of these quantities are 
called sailings. 
Kinds of sailings. When the only quantities 
involved are the course, distance, d~fference of lati-
tude, and departure, the process is denominated plane 
sailing. In this method the earth is regarded as a 
plane, and the operation proceeds as if the vessel sail-
ed always on a perfectly level surface. When two or 
more courses are thus considered, they are combined by 
the method _of traverse sailing. It is evident that the 
number of miles of latitude and departure can thus be 
readily deduced; but, while one mile always equals one 
minute in difference of latitude, one mile of departure 
corresponds to a difference of longitude that will vary 
with the latitude in which the vessel is sailing. 
Plane sailing therefore furnishes no solution where 
difference of longitude is considered, and for such 
solution resort must be had to one of several methods, 
which, by reason of their taking account of the 
sphe~ieal figure of the earth, are called spherical 
sailinifi. 
en a vessel sails on an east or west course 
along a parallel of latitude, the method of converting 
departure into difference of longitude is called 
parallel sailing. When the course is not east or west, 
and thus carries the vessel through various latitudes, 
the conversion may be made either by middle latitude 
sailing, in which it is assumed that the whole run has 
been .made in the mean latitude, or by Mercator sailing, 
in which the principle involved in the construction of 
the Mercator chart is utilized. 
' Great circle sailing deals with the courses and 
distances between any two points when the track followed 
is a great circle of the terrestrial sphere. A modifi-
cation of this method which is adopted under certain 
circumstances is called composite sailing.l 
lNathaniel Bowditch, American Practical Navigator, 
Washington, D.C.: United States Government Printing Office, 
1939, p. 98. 
'I'he: material in this unit has been presented more often 
as marine \ navigation than as air navigation. But the princi-
ples presented apply to the air as well as to the water, and 
any of the sailings could just as well be called flyings. 
opportunity for further study. 
There is a great deal more to navigation than has been 
I presented :here, of course. The whole science offers an 
unusually ;good opportunity for independent study, and many 
! 
people int:erested in applied mathematics have found navigation 
a fascinat;i.ng and valuable hobby. There is little need to 
point out ~hat the rapid development of aviation has greatly 
increased r he demand for those skilled in navigation. A 
student who is interested in taking up the independent study 
I 
of navigation will find that probably the best first book, 
I 
! 
and the least expensive for what it contains, is Bowditch. 
i 
This has b~en the standard navigation book since 1802, and is 
outstandin~ly complete. 
! 
Summary. 
Throughout this unit it has been stressed that navigation 
is an excellent example of the fact that in many of the 
practical applications of mathematics we seek the most 
, 
suitable compromise between accuracy and convenience. 
We have seen that most of the sailings admit a certain 
amount of inaccuracy for the sake of increased facility of 
use. In practice, navigators select the most convenient 
method which is accurate enough. Probably the greatest exact-
ness is r~quired in piloting along a coast, for while a mis-
l 
take in navigation can usually be discovered and corrected 
without much harm being done, a mistake in piloting might 
cause serious damage, or even total loss, to a ship. 
The principle of sufficient accuracy and maximum conven-
! 
ience is followed in using as well as in selecting the indivi-
: 
i 
I 
dual methods of navigation. In each of the sailings which 
I 
have been :described in this unit, the solutions can be obtaine I 
in three ways. One solution is by trigonometric computation, 
which has been the method presented throughout this unit chief 
ly for the, reason that it explains the theory of the solution. 
Another method of solving a sailing problem is the graphic 
method, wh~reby the solution is arrived at by means of geome-
trio construction on charts and paper. This is usually the 
i 
easiest method, and the least accurate. A third method is by 
using Bowditch tables. In this method, practically the only 
computation required is interpolation. In general, solutions 
by tables are more accurate if the method is thoroughly under-
! 
stood, since there is less chance for computational mistakes. 
In some eases the tables are easy to use and in some eases 
i 
I 
they are awkward. 
In applying the theories of mathematics to practical use, 
we usually try for methods which are as accurate as they 
have to be and as convenient as they can be. 
1. General knowledge. 
SECTION TEN 
TEST 
(1.): The least accurate method of solving navigation 
problems is usually (the graphical method) 
(2.) The linear measure of distance along a parallel is 
called (departure) 
(3.) The course which outs all meridians at the same 
angle is called (a rhumb line) 
( 4.) 
through 
The prime meridian is the meridian whioh passes 
(Greenwich, England} 
( 5.) A nautical mile is equal to 
(a minute of latitude or of the equator) 
(6.} The shortest distance between any two points on 
the earth's surface is along a (great circle) 
(7.) . The latitude of the north pole is (900 N.) 
(8.) : A course which maintains a constant direction is 
called : a (rhumb line) 
(·9.) , The application of navigation which usually 
requires the highest degree of accuracy is (piloting) 
' (10.) At any spot on a Mercator chart, both the latitude 
and longitude scales have been expanded in the ratio of 
the (secant of the latitude) 
2. Theory. 
(1.) What error is present in the basic assumption of 
t>lane sailing? (Small .area of earth assumed to be a 
rlat surface) 
(2.) What error is present in the method of middle 
latitude sailing? (Lines of longitude do not approach 
each other as straight lines, so departure measured along 
middle latitude is not actually "average".) 
1.28. 
{3.) What error is admitted in short-distance Mercator 
sailing and corrected in long-distance Mercator sailing? 
(Actu~l oblateness of the earth) 
{4.) What factors guide our selections of suitable 
methods of navigation? (Sufficient accuracy, maximum 
facility) 
3. Formulas. 
4. 
(1.) Draw the plane sailing triangle and identify its 
elements. (Figure 11) 
(2.) Derive from the above triangle the two formulas 
which are good for any course and distance. 
(sin c = ~ D • or Dep. = Dist. sin C; 
cos c - DL or DL :. Dist. cos C) 
- i'5ISt. 
Problem. 
(1.) A ship steams 397 miles on a course of 153o. 
Find the DL and the Dep. made good. 
(DL .: 353.75 miles S.; 
Dep. ~ 180.24 miles E.) 
Suggested scoring. · 
2 points each for Part 1. 
-
20 
-5 points each for Part 2. = 20 
10 points for ( 1) ' Part 3. .: 10 
2o : points for ( 2) , Part 3. = 20 30 points for ( ~), Part 4. ::. 30 
Total 100 
CHAPTER VII -
INTRODUCTION TO THE UNIT OF STATISTICS 
Purpose of_th~ unit. 
As in the case of the other units of this thesis, the 
primary aim of the unit of statistics is not to present a con-
centrated course in the details of the subject. The chief 
purpose is' to develop in the student an appreciation of the 
nature of statistical method, of its advantages and possible 
weaknesses, and of its uses and possible misuses. 
A citizen of our society is beset by statistical presen-
tations of many varieties and from many sources. Government, 
business, 8nd industry are but three of many agencies whose 
reports are filled with statistics; claims and counterclaims 
in controversial subjects are supported by statistical evi-
dence; advertisements urge the purchase of products on 
statistical bases; and all these are but a small part of the 
citizen's total encountering of statistics in his every day 
life. As a result the citizen is called upon frequently to 
weigh and judge statistical presentations, to arrive at 
decisions and to act accordingly. Some of the decisions which 
must be made are in matters of extreme importance to the 
citizen and to his society. 
No one can question the value of statistical method, 
but it is not too generally realized that statistics, when 
used with carelessness, lack of knowledge, or deliberate 
intent, can be made to present a very erroneous picture. Most 
statistics are good, some are mildly misleading, and some are 
downright untruths. 
It is with all this in mind that the unit of statistics 
has been constructed. It is hoped that the student who 
completes the study of the unit will have developed a funda-
mental understanding of the nature of statistics and a 
critical attitude which will assist him in arriving at wise 
decisions. 
A secondary purpose is to introduce to the student 
another of them~~ fields of applied mathematics, in which he 
might become interested for further study. 
organization of the uni t . 
As with the other two units of this thesis, the unit 
of statistics has been constructed in ten sections, for ten 
consecutive daily class periods of about forty-five minutes 
each. 
An attempt has been made to select topics and subject 
matter which maintain a fair degree of continuity and are of 
sufficient difficulty to interest the more mature students 
for whom this unit is intended. To aid in the matter of 
continuity, the same set of data is used throughout most of 
the development of statistical method; and another single sat 
of data is followed throughout most of the assignments. It 
is thought that both these sets of data can be placed on 
the blackboard by the teacher, and left there to be 
developed from day to day. 
Whenever possible, the illustrations of shortcomings 
and misrepresentations in statistics have been based on 
, actual instances, although the sources are not always given. 
CHAPTER VII I 
THE UNIT OF STATISTICS 
OUTLINE OF THE UNIT 
Section One. Introduction. 
Definition of statistics. 
Use of statistics. 
Importance of knowledge of statistics. 
Purpose and scope of this unit. 
Class discussion. 
Section Two. Collecting Data. 
Discrete and continuous data. 
Errors in measurement. 
Sampling. 
Section Three. Tabulating Data. 
Reasons for tabulating. 
The rank-order table. 
The frequency distribution. 
Graphic presentation of frequency distribution. 
Section Four. Measures of Central Tendency. 
Central tendency and averages. 
The arithmetic mean, or "average". 
The median. 
The mode. 
Quartiles, deciles, and percentiles. 
Section Five. Using the Measures of Central Tendency. 
Preliminary statement. 
General advantages of averages. 
General limitations. 
Advantages of arithmetic mean. 
Disadvantages of arithmetic mean. 
Misconceptions from the use of the mean. 
Advantages of the median. 
Disadvantages of the median. 
Advantages of the mode. 
Disadvantages of the mode. 
Section Six. Measures of Variability. 
Variation 
Range 
Mean deviation. 
-_34 
1_35. 
========~-~-~==~======~===============================================~=~~==~========~ 
• 
Computation of mean deviation - ungrouped data. 
Computation of mean deviation - grouped data. 
Standard deviation. 
Computation of a from ungrouped data. 
Comp1ftation of a from grouped data. 
Section Seven. The Curve of Normal Distribution. 
i 
A f~damental law of nature. 
The ~urve of normal distribution. 
Erro~s of observation. 
Probability - coin tossing. 
Section Ei~t. Actual and Theoretical Distribution. 
"Normal" Measurements. 
. . 
Comp'arison of actual and theoretical distribution. 
What
1 
is a "normal n measurement? 
i 
See tion Ni!ne. Graphs. 
Conclusion. 
Section Ten. Test • 
I 
-
I 
II 
I 
SECTION ONE 
INTRODUCTION 
Definition iof statistics. 
I 
Webster's Dictionary defines statistics as follows: 
I 1. (Construed as singular) The science of the collection and 
i 
classification of facts on the basis of relative number or 
I 
I 
I occurance as a ground for induction; systematic compilation 
i of instanc~s for the inference of general truths. 2. (Con-
strued as ~lural) Classified facts respecting any particular 
class or iP,t~rest; es!'ecially, those facts which can be stated 
in numbers:. 
In ~tmpler words, we may say that statistics (singular) 
is the sy~tematic collection, presentation, and interpretation 
i 
: 
of numerical data, and statistics (plural) are organized 
I 
j 
collections of numerical data. 
I 
! 
i Use of statistics. 
The !statistical method is the only satisfactory method 
i 
for handling large masses of numerical data, and for this 
I 
I 
reason th~ role of statistics in our modern world is becoming 
I 
I 
extremely i important. For example, the use of statistics is 
I 
extensive ! in the physical sciences, such as chemistry, · 
biology, and astronomy, and in the social sciences, sueh as 
economics :, education, sociology, and psychology. But it is 
not neces'sary to be a specialist in a field such as one of 
those jus:t named to encounter statistics, we do that in 
many phases of our everyday living. Government, industry, 
and business are among the agencies which present an unending 
mass of statistical materials to the general public. 
Newspapers and magazines contain large numbers of statistical 
graphs, tables, and terms, on a wide variety of subjects. 
Radio and television quote statistics to us frequently. As 
our way of life becomes increasingly complex, the use of 
statistics becomes more and more widespread. 
Importance of knowledge of statistics. 
A knowledge of statistical method is becoming increas-
ingly essential, not just for the specialist, but for 
ordinary intelligent citizenship. A citizen is confronted 
constantly with situations in which a choice must be made 
between two or more alternatives which are supported by 
statistical evidence. An extremely important example of this 
is the matter of intelligent voting, where the statistical 
claims of rival candidates and issues must be judged and 
accepted or rejected. Some knowledge of statistical method 
is essential if one is to have any adequate understanding of 
the affairs and difficulties of our world. Another of many 
possible examples of the ordinary citizen's need for a 
fundamental knowledge of statistics is found in the fact that 
very many of the products we buy are urged upon us by sta-
tistical arguments which may or may not be trustworthy. 
Statistics are involved in most phases of our ordinary daily 
-· 
The statistical method is extremely useful, and we could 
I hardly conduct our modern life without it. But we all need to 
I 
understand !it, and to understand especially that statistics 
I 
can be, an4 sometimes are, misused to present a very erroneous 
picture. 
i Statistics can be a very effective propaganda wea-
! 
' pon. It i~ possible to arrange statistical evidence which is 
quite convi ncing on the surface, but which actually represents 
I 
something 9ther than the exact situation. This is not 
I 
I infrequently done, unintentionally in some cases, but delib-
1 
erately ini others. Statistics are used in some eases for the 
! 
i sole purpoFe of creating or supporting certain desired 
i impression~ which may actually be unjustified. It is important 
I that we unr erstand this, and that we have at least enough 
knowledge 
1
of the fundamentals of statistics to help us in 
I 
recognizin'g the good and the bad in statistical presentations. 
I 
I 
Purpose an~ scope of this unit. 
The !science of statistics has grown to be highly tech-
1 
nical and /complex, and this unit will present only a very 
I 
small par~ of a complete course in the topic. The main 
! 
purpose wfll be to provide a foundation for understanding 
I 
the use and misuse of statistics in ordinary affairs. 
Class discussion. 
It ~s suggested that the teacher and the class use the 
~ remainder 1of the first period for a discussion of the points 
II 
I L_ 
made above, particularly in the matter of the instances of 
statistics in the daily life of an average citizen. It is 
suggested that the class prepare together, on the blackboard, 
a sample list of instances of the use of statistics which 
they have encountered in their own lives, for the purpose 
of bringing home to them a realization of the extent to which 
they are called on to judge statistical claims. 
Assignment. 
Keep a record of all statistical material encountered, 
such as in reading newspapers and listening to the radio, 
in the next twenty-four hours. 
SECTION TWO 
COLLECTING DATA 
Discrete and continuous data. 
Measurements which are made in distinct unit steps 
which cannot be subdivided are called discrete. For example, 
the number of students in a school is measured in discrete 
units of single pupils. 
on the other hand, the measurement of the weights of all 
the pupils in a school would not fall into separate discrete 
steps, for it is theoretically possible to have any fraction 
of the units of weight which are used. This type of measure-
ment is called continuous. 
Errors in measurement. 
A fundamental cause of error in statistics is the error 
necessarily involved in values obtained by measurement. It 
is possible, of course, to know accurately how many students 
are members of a certain school at a certain time. But on the 
other hand, we can not be positive even in sueh a seemingly 
simple matter as the exact length of a classroom, for several 
repeated measurements by the same person will show some 
variation, and when the same measurement is made by several 
people there will be more variation even though the same 
measuring device is used by all. There can be errors of 
judgment and procedure, errors of the hand and eye, errors 
caused by the effect of varying temperature on our measuring 
devices, to name a few possibilities. 
We m~st expect error to be present where measurement is 
made, because neither humans nor the measuring devices which 
they use are infallible, even if the value being measured 
remains constant throughout. This fact should be remembered 
in judging . the worth of statistical evidence, particularly in 
the case of evidence based on a single measurement. There is 
no statistical process which can make bad data yield valid 
results. 
Sampling. 
The theoretically ideal method in any statistical study 
would be to make the desired measure in every one of the 
individual cases involved. But this is often impossible or 
undesirable because of the number of cases. For example, i~ 
we desired ' to obtain statistical data on the height of male 
citizens of America, it would be impracticable, even if it 
were possible, to measure the height of every American male. 
Furthermore, even if we did know the measured height of all 
I 
American males, the mass of data would be so great that it 
would not be practicable to analyze it all. In this case we 
would confine our study to a part, or sample, of the data. 
Another example of sampling could be found in science, 
where we might wish to prepare statistical evidence on the 
result of a certain experiment. It is obviously impossible 
to perform an experiment as many times as is theoretically 
• 
• 
• 
• 
possible, for this is an infinite number of times. In this 
case we would be forced to base our conclusions on a certain 
number, or! sample, of performances of the experiment • 
' 
The process of taking samples of a mass of possible 
or actual data is called sampling. This is another source of 
possible et>ror in statistics, often unintentional but some-
, 
times deliberate. 
A s~ple, to be reliable, must be large enough. For 
i 
i 
example, ~f we were to judge the ages of the people of a 
i 
community 'of several thousand, it would not do to base our 
' conclusions on the ages of ten or twenty citizens. Therefore, 
I 
in analyz~ng statistical data, we should give attention to the 
! 
comparati~e sizes of the samples used. 
Sampling must be truly representative of the mass of 
data it purports to represent. A representative sample must 
I 
be selected as nearly without bias as possible. It may 
I . 
sound lik~ a contradiction, but it is necessary to be very 
careful in selecting .. randomtt samples. It is very easy for 
sampling io be biased, even with the best of intentions on the 
part of t*ose doing it. 
'!'he ;following account will illustrate the difficulty 
encountered in doing truly representative sampling. In 1936, 
before the Presidential election, the well-known national 
magazine Literary Digest conducted a nation-wide public 
opinion poll in an effort to foretell the winner of the elee-
tion. The magazine mailed questionnaires to 10,000,000 
voters, and over 2,000,000 of them were returned. The returns 
favored candidate Alfred M. Landon over candidate Franklin 
D. Roosevelt by over 300,000 votes. On the basis of this, 
the Literary Digest predicted the election of Mr. Landon. In 
the actual election shortly after, Mr. Roosevelt was elected 
by an overwhelming margin. 
Another poll on the same election was conducted by 
Dr. George H. Gallup. In spite of the fact that his sampling 
was not nearly as extensive as that of the Literary Digestz 
Dr. Gallup successfully predicted the election of Mr. Roose-
velt. In the years following the 1936 Presidential election, 
the Gallup polls became well known throughout the country as 
I 
a measure of public opinion on many questions. Many polls 
were conducted and in spite of some minor failures, it has 
been quite generally thought that the sampling methods of the 
Gallup polls were scientific, representative, and reliable to 
a high degree. The results of these polls have been widely 
published in the newspapers of the country, and people have 
relied upon them to a great extent. 
But in the Presidential election of 1948, the returns 
of the Gallup poll consistently indicated that Thomas Dewey 
would defeat Harry Truman decisively. As you know, in the 
actual election Mr. Truman won. 
It is possible to cite other similar cases of the fail-
ure of public-opinion polls. The obvious reason for these 
II ~43 
failures is that the sampling, in spite of all efforts, was 
I not actually representative. The fact that these polls were 
conducted by highly skilled statisticians with the best of 
intentions and the most modern methods should convince all of 
us that representative sampling can be an extremely difficult 
process. No statistical conclusion is any better than the 
data or the sampling procedure o~ which it is based. 
Assignment. 
Each pupil make five or ten measurements, to the nearest 
eighth of an inch, of a distance designated by the teacher. 
(For example, the length of a room, or the distance between 
two marks on the floor or wall. A distance of several feet 
is sugges~ed.) Record all measurements for future class work. 
I 
One purpose of this assignment is t0 collect a suitable 
set of data for use by the class in following assignments. 
The number of measurements made by each student will there-
fore depend upon the size .of the class. A total of about 
fifty measured values is suggested. 
-~ tl-t1. 
- - - ..... _ 
========~==========~============================~--==~~---=~======~~======== 
Reasons for tabulating. 
SECTION THREE 
TABULATING DATA 
Unless we arrange data in some form of systematic 
organization, it is difficult to handle and confusing to 
analyze. Consider, for example, the scores made in a test 
by thirty students as presented in an unorganized list, 
Table 1. 
Table 1 
Test Scores of Thirty Students 
60 
58 
63 
53 
84 
92 
76 
72 
88 
64 
69 
76 
The rank-order table. 
64 
98 
75 
44 
74 
82 
86 
69 
72 
53 
84 
94 
76 
65 
71 
57 
79 
86 
The simplest form of organizing data like that above is 
to list the values in order of size, usually with the largest 
value at the top, as in Table 2. 
Table 2 
Rank-Order Table of Test Scores of Thirty Students 
98 76 65 
94 76 64 
92 76 64 
88 75 63 
86 74 60 
86 72 58 
84 72 57 
84 71 53 
82 69 53 
79 69 44 
146 
======#==========--===========================================~======== 
The fre~eney distribution. 
The rank-order table is an improvement over unorganized 
data, but it is still somewhat unwieldy, particularly where 
there is a large quantity of data. We can make a more com-
pact arrangement by grouping our data into steps, or classes. 
We call this arrangement a frequency distribution. 
~o construct a frequency distribution of data, we first 
compute the range of the data (the difference between the 
highest and lowest values) to help us in choosing a conven-
lent size for our steps, or class intervals. For our particu-
lar group ,of data we will choose class intervals of ten points 
The number of scores which fall within a class interval is 
called the frequency for that interval. 
Table 3 
Frequency Distribution of Test Scores of Thirty Students 
( 1) ( 2) ( 3) 
Scores 
Class Interval , Tallies t (frequency) 
90-99 3 
80-89 WI 6 70-79 9 60-69 7 
50-59 I 4 
40 .. 49 1 
The decision as to the number and size of the class 
intervals depends on the number of values, the range of values 
and the kind of data with which we are dealing. For larger 
groups of data than we have used here a good general rule is 
to have between ten and twenty class intervals, although this 
rule is not to be considered as unbreakable. We should note 
one disadvantage to a frequency distribution; the exact 
values of .individual items are lost. We cannot tell from 
Table 3 alone whether, for example, the exact value of the 
single lowest score is 40 or 49, or any value between these 
two. The class intervals in frequency distributions _ should 
not be too large. 
Graphic presentation of frequency distribution. 
It is a very common practice to present frequency 
distributions in graphic form. To do this, a pair of axes, 
horizontal and vertical, are constructed. The x (horizontal) 
axis is scaled off in units representing the class intervals, 
and the y (vertical) axis is scaled for the frequencies. 
The graphic representation may then be in either of two 
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common forms. If we plot each frequency at the midpoint of 
its class interval, we make a frequency polygon by connecting 
the plotted points, as shown in figure 1. If instead of this 
we erect a vertical bar to the proper height in each class 
interval we form a rectangular frequency polygon, or histogram 1 
as in figure 2. 
Figure 3 shows both frequency polygon and histogram for 
the set of data which we have used thus far in this unit. 
Note that the area under the polygon is equal to the area of 
the histogram, because triangle ABC is equal to triangle 
EDC, and so forth. 
Histogram and Frequency Polygon 
of Test Scores of Thirty Students 
1-0 .SO 60 ?0 80 90 JOO 
Score~ 
Figure 3 
Class work. 
Combine and compute the range of all the measurements 
made by the class for the preceding assignment. All members 
of the class make a copy of the combined data. 
Assignment. 
Prepare a frequency distribution, and either a 
frequency polygon or a histogram, for the data obtained 
in the preceding assignment. 
SECTION FOUR 
MEASURES OF CENTRAL TENDENCY 
Central tendency and averages. 
Any sizable collection of values of the same measure-
ment tends to cluster around a central value. This character-
istic is called the central tendency, and is the justification 
for the statistician's use of averages. In statistics, the 
word average means one of several different ways of measuring 
central tendency. An average is a single value selected to 
represent a whole group of data, it is a summarizing figure 
for a frequency distribution. Three of the most commonly 
used averages are (1) the arithmetic mean, (2) the median, 
and (3) the mode. 
The arithmetic mean, or ttaverage". 
The arithmetic mean is familiar to almost everyone, 
because it is that which is commonly called "the average". It 
is defined simply as the sum of the values in a set of data 
divided by the number of values. 
In statistics we use the following symbols: 
X ~ arithmetic mean 
l: .:. symbol meaning nsum of" ( ~ is the Greek 
capital letter Sigma) 
X = data expressed as individual f!tems 
N : number of items 
Using these symbols, the computation of the arithmetic 
mean is expressed in the formula 
1_5 ( · 
( 1) 
The computation of the mean is simple enough when a 
small number of items is involved. For example, to find the 
mean highest temperature for a week as shown in Table 4, we 
add all the temperatures and divide by seven, the number of 
values. 
Table 4 
Day Highest 
Temperature 
Sunday 850 
Monday 82 
Tuesday 86 
Wednesday 76 
Thursday 78 
Friday 72 
Saturday 74 
X 
= 
~X 553 = 790 N = 7 
But when the data includes a large number of items, the 
method just described for finding the mean is not practicable 
because the addition involved is too laborious and too subject 
to error. Moreoever, a large mass of data is almost always 
arranged in a frequency distribution, and we have noted that 
in this event the exact values of the individual items are 
lost in class intervals. We can use the following method 
for computing the mean from a frequency distribution. 
_it_ 5 2 
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Table 5 
Frequency Distribution of Test Scores of Thirty Students 
Computation of Arithmetic Mean 
(1) ( 2) ( 3) (4) 
Scores Midpoint frequency 
Class Interval ( M) _ (_f)_ f M 
90-99 94.5 3 283.5 
80-89 84.5 6 507.0 
70-79 74.5 9 670.5 
60-69 64.5 7 451~5 
50-59 54.5 4 218.0 
40-49 44.5 1 44.5 
N =30 2175.0 =~ f M 
In this method we make the assumption that the values of 
the individual items grouped into a class interval are 
distributed evenly throughout the interval. In this case, 
the average value of the items within a class interval would 
be the value of the mid-point of the interval. The first 
step, then, is to compute the mid-point of each class inter-
val. This has been done in column (2) of Table 5. The next 
step is to multiply the mid-point value of each class inter-
val by the frequency, or number, of the items falling within 
the interval. This has been done in column (4) of Table 5. 
We then divide the sum of the products thus obtained by the 
total number of individual items. Stated in a formula: 
( 2) 
2175.0 
30 = 72.5 
The convenience of this method over adding all the 
individual scores offsets the comparatively small loss in 
accuracy. 
The median. 
The median is the value of the middle item when the 
items are arranged according to size in a rank-order table. 
If there is an even number of items, the mean of the two 
middle items is taken as the median. Thus, in Table 6, the 
median is taken as midway between 74 and 72, the two middle 
items, and so has a value of 73. 
Table 6 
Rank-Order Table of Test Scores of Thirty Students 
98 76 65 
94 76 64 
92 76 64 
88 75 63 
86 74 60 
86 72 58 
84 72 57 
82 69 53 
79 69 44 
Fifty percent of the values are greater than the median, 
and fifty percent are smaller. The computation of the median 
from a frequency distribution involves interpolation, and we 
will not include it in this unit. 
The mode. 
The mode is the value which occurs most frequently in a 
collection of data. In Table 6 the score of 76 was achieved 
by more students than any other score, and so it is the mode 
for this group of data. The calculation of the mode from a 
frequency distribution will be omitted from this discussion. 
Quartiles, deciles, and percentiles. 
These are three other words which are sometimes used in 
statistical presentations. The quartiles divide a rank-order 
of data into four parts in the same manner that the median 
divides it in two parts. Thus, the first quartile (Q1 ) marks 
the point below which fall twenty-five percent of the items, 
and seventy-five percent of the items lie below the third 
quartile (·Q3 ). The second quartile is the same as the median. 
In exactly the same way, the percentile points divide the 
distribution into one hundred parts. 
Assignment. 
Compute the arithmetic mean for the data used in the 
preceding assignments. Use the method of . formula (2) in 
computing the mean. 
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SECTION FIVE 
USING THE MEASURES OF GENTRAL TENDENCY 
Preliminary statement. 
In this section we will discuss the advantages and 
disadvantages of measures of central tendency in actual use. 
Because it is the most commonly used, and misused, we will 
direct most of our attention to the arithmetic mean. 
General advantages of averages. 
In the preceding section we discussed the three most 
commonly used averages, or measures of central tendency. 
These are the mean, the median, and the mode. The extensive 
use of these averages ii brought about by the fact that they 
have several advantages which make them useful. In general, 
the advantages of these averages are that their computation 
is comparatively simple, they are easy to use, and they are 
quite easily understood. In addition to this, each possesses 
particular advantages which will be stated when we discuss 
the averages separately. 
General limitations. 
Averages are used extensively in popular statistical 
presentations, but it is not recognized widely enough that 
they have distinct limitations. It is unfortunate in many 
cases that averages, because they appear to carry the autho-
rity of "cold figures", create erroneous conceptions. Usually 
these misconceptions are brought about with no special intent 
on anyone's part, but sometimes averages are used deliberately 
to foster certain desired impressions. 
It should never be forgotten that none of the averages 
represents the value of the quantity for each individual item 
in the group. They tell us nothing of the arrangement or 
"spread" of the data about the central tendency. In addition 
to this, there are certain disadvantages peculiar to each 
average, which we shall take up later. 
We should learn to be critical of statistical evidence 
presented in the form of an average alone, and we should 
remember that we usually need to know more about the complete 
set of data as a basis for sound judgment or wise action. 
Advantages of arithmetic mean. 
The arithmetic mean is the most commonly used average; 
in fact, it is "the average" of popular usage. It is the 
most easily understood, and the most generally known. It 
requires only total values and number of items for computation. 
Disadvantages of arithmetic mean. 
The mean shares the common weakness of all the averages 
in that it does not present anything like a complete picture 
of the data. In addition, it has an outstanding weakness of 
its own in that it can be greatly distorted by extreme values, 
that is, by unusually large or small values, without giving 
us any idea about the size of these extreme values. This is 
• 
particularly true when the number of items is small, as we ean 
demonstrate with the data in Table 7. 
Table 7 
Rank-Order of Test Scores of Ten Students 
95 
90 
85 
85 
75 
75 
75 
70 
65 
65 
The arithmetic mean of the scores shown in Table 7 is 
found as follows: 
X:. ~ X N -= 780 !o ':.. 78 
Four of the scores are above the mean, and six are 
below it. But, if the two lowest scores of 65 each are 
changed to 15 and 25, we have the following effect on the mean. 
Table 8 
Rank-Order of Test Scores of Ten Pupils 
X = ~ X N = 
95 
90 
85 
85 
75 
690 
lO =- 69 
75 
75 
70 
25 
15 
Now we have a ease where eight of the scores are above 
the mean, and only two are below it. 
Whenever a collection of data includes a few values which 
differ greatly from the main group, the mean is not a fair 
representative of the total data. 
Misconceptions from the use of the mean. 
Unwise use of the mean to represent data can result in 
creating erroneous impressions. A few typical examples are 
described below. 
Example. 
In an actual case, the classroom teachers of a community 
attempted to obtain a general salary increase. While their 
request was being considered, a statement by a well-known 
educational authority appeared in the press, asserting only 
that the •average" salary of the teachers involved was some-
thing over $2800 per year. This figure was immediately 
accepted as representing the salary of each classroom teacher 
by a large number of the townspeople. 
Actually, the figure quoted was the arithmetic mean of 
the total salaries paid to the combined teaching and admin-
istrative staffs of the school system. For example, the 
$7,000 salary of the superintendent and $4,500 paid to each 
of two non-teaching principals were included. t he inclusion 
of this $16,000 alone increased the mean salary attributed 
to the 60 classroom teachers by some $266 1 and other similar 
inclusions raised the mean still more. The actual state of 
affairs was that the highest salary paid to any classroom 
teacher, $3,000, was paid to a very few of them, while the 
salary of 20 of the teachers was $2,000 or less. 
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This is an example of the distortion of the mean by a 
few unusually large values, and of the inclusion of irrelevant 
data. 
Example. 
The chamber of commerce of a city, in an effort to 
attract new residents, advertises that the average temperature 
for the city is 70°F. This would seem to,. indicate a very 
attractive climate. What it does not indicate i~ that the 
temperature often goes well below zero in the winter months, 
and not infrequently reaches the vicinity of lOOOF in the 
summer. The number of days when the temperature actually 
stands at 70oF is very small. 
Example. 
A number of professional basket ball players, members of 
the National Basketball Association, recently expressed 
dissatisfaction with the official scoring records as ·kept in 
the books of the league. 
The object of the complaints was the method of keeping 
individual scoring averages. This was done by dividing the 
total points scored by each player by the number of games 
in which he had participated. 
The players pointed out that this gave an unfair picture 
of a player's scoring value, since it did not show in any way, 
or make allowance for, the length of time each man played. 
Participation in a game for as little time as a minute counted 
as a full game in computing the scoring average. The players 
felt that the list of averages should be accompanied by a 
"Time Played" column. The newspaper account pointed out that 
one of the players on the local team had an official scoring 
average of only 7.5 points per game, for a total of 48 games. 
This was described as a very unfair representation of his 
real scoring value, since in 19 of the 48 games he had played 
less than 8 minutes per game. In the games in which he had 
played for mora than 8 minutes his average was nearly 13 
points per game. 
Advantages of the median. 
The median is a better measure of central tendency 
when the items of data are widely scattered in value, because 
it is not distorted by unusually large or small values. It 
is easily computed from a rank-order list. 
Disadvantages of the median. 
one peculiar disadvantage of the median is that it is 
not so generally well known as the mean. Also, it is 
necessary that the items of data be arranged in a rank-order 
list before the median can be computed. 
Advantages of the mode. 
The mode is the most typical, and therefore it tells us 
more about the data than either the mean or the median, The 
mode is a method commonly used in ordinary speech, as when we 
say "the first killing frost usually comes about october 
first." The value of the mode is not distorted by extreme 
items. 
Disadvantages of the mode. 
It is not possible to determine the exact value of the 
mode from a frequency distribution. It has little signifi-
cance when the set of data includes only a small number of 
items, in fact there may not even be a mode for a small 
number of items since none of the values may be repeated. 
The mode does not indicate its position in the order of 
values. 
Assignment. 
Find a statistical presentation, which consists solely 
of the statement of an average, in a current newspaper or 
periodical. Write your estimate as to its true worth in 
representing the "whole story". 
Variation. 
SECTION SIX 
MEASURES OF VARIABILITY 
We have seen that the measures of central tendency, the 
averages, are faulty in that they give no indication as to the 
ttspread" of the values in a set of data. (The uspread 11 is 
also called variation, variability, dispersion, or scatter.) 
As a matter of fact, an average is of little real value in 
interpreting data unless it is accompanied by some measure 
which tells us something of the way in which the items of the 
data are scattered about the average. There are several 
methods by which the variation of a set of data about its 
central tendency can be expressed. 
Range. 
The simplest of the measures of variability is the range 
It is simply the difference between the largest and the 
smallest values. It is very easily computed, but it tells us 
nothing about the arrangement of the data between the two 
extreme items, and hence it is not very reliable when there 
are many or large gaps in the distribution. The value of the 
range is dependent only upon the values of the two extreme 
items. 
Mean deviation. 
A measure of variability which is more satisfactory 
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than the range is the mean, or average, deviation. It is the 
average of the deviations of all the items from the central 
tendency of the group (usually the arithmetic mean). In 
obtaining the average of the deviations it is necessary to 
ignore signs, since the algebraic sum of the deviations from 
the arithmetic mean would be zero. Unlike the range, the 
value of the mean deviation is dependent upon the value of 
every item in the distribution. 
Computation of mean deviation from ·ungrouped data. 
By ungrouped data we mean data which has not been 
arranged in a frequency distribution. To compute the mean 
deviation for a set of ungrouped data, we find the average 
(usually the arithmetic mean), and compute the deviations of 
the individual values from this average. We then find the 
sum of the deviations, ignoring signs. If we did not ·ignore 
signs, the algebraic sum of the deviations from the arithme-
tic mean would be zero. The sum of the deviations is then 
divided by the number of items, to find the mean deviation. 
A simple example will suffice to show the process. 
Table 8 
Target Scores of Five Marksmen 
( 1) 
Scores 
14 
12 
10 
8 
6 
( 2} 
Deviations 
from Mean 
4 
2 
0 
-2 
... 4 
Sum ::. 0 
( 3) 
Deviations from 
Mean, signs 
disregarded 
4 
2 
0 
2 
4 
Sum :. I2" 
In Table 8 the sum of the scores is 50, and the arith-
metic mean is found to be 10, by dividing 50 by 5. The 
deviations of the five individual scores from this mean are 
listed in column (2). The sum of these deviations, with 
their signs disregarde~ is 12. We divide 12 by the number of 
items, 5, and obtain 2.4 as the mean deviation. 
If we let the small letter x stand for the deviation of 
a score X from the mean, (x =X- X), we may write the formula 
for finding the mean deviation for ungrouped data as follows: 
(3) M.D. - I_ X N 
Computation of mean deviation from grouped data. 
If the data has been arranged in a frequency distribu-
tion, we are unable to get the deviation of each separate 
item from the mean. Instead, we take the deviation of the 
midpoint of each class interval from the mean, and multiply it 
by the frequency, or number, of the scores falling in the class 
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interval. The sum of these products is then divided by the 
total number of items. 
An example will make this process clearer. 
Table 9 
Computation of Mean Deviation of Test Scores of Thirty Student 
{1) ( 2) ( 3) (4) ( 5) 
Scores Deviation fx 
Class Midpoint frequency from signs 
Interval (M) (f) Mean (x) disregarded 
90-99 94.5 3 22.0 66.0 
80-89 84.5 6 12.0 72.0 
70-79 74~5 9 2.0 18.0 
60-69 64.5 7 - 8.0 56.0 
50-59 54.5 4 -18.0 72.0 
40-49 44.5 1 -28.0 28.0 
N =-30 312.0 = L fx 
Note that in this case the deviation, x, is the 
deviation of the midpoint of the class interval from the 
arithmetic mean. The arithmetic mean for this distribution 
is 72.5, as previously computed in Section Four. 
We may state the following formula for finding the 
mean deviation for grouped data: 
(4) M.D. ~ fx 
= N 
= 312.0 = 10.4 30 
The mean, or average, deviation of the scores in 
Table 9 from the arithmetic mean value of 72.5 is 10.4. 
Standard deviation. 
The most reliable measure of variability is the standard 
6 . .. 
/ 
deviation, usually denoted by the small Greek letter cf (sigma) 
This is a special way to average deviations from the mean. 
Computation of ~ from ungrouped d~ta. 
To compute the standard deviation from ungrouped data 
we use the following procedure. 
1. Get the difference between each actual value and the 
arithmetic mean. 
2. Square the values thus obtained. 
3. Add the squared values and di:Yide the sum by the 
number of items. 
4. Take the square root of the result. 
Remembering that we use the· small letter x to denote the 
deviation, we state the above procedure in a formula: 
(5) CS= i2:Nxz. 
Computation of tS from grouped data. 
When the data are in the form of a frequency distribu-
tion, we comput.e the standard deviation as follows: 
1. Find the deviation of the midpoint of each class 
interval from the arithmetic mean, and regard it as the 
average deviation for all the items in the interval. 
2. Square each of the deviations thus obtained. 
3. Multiply each of the squares by the frequeno~or 
number of items, for the corresponding class interval. 
4. Find the total of these products and divide this 
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total by the number of items. 
5. Take the square root of the result. 
We can state this in the formula: 
( 6) If ~ -.J :£. /X2. 
We will demonstrate this procedure by finding the 6 
for our group of data. 
Table 10 
Computation of ~ for Test Scores of Thirty Students 
( 1) ( 2) ( 3) 
Scores frequency 
Class Midpoint 
Interval _ , __ 
90-99 
80-89 
70-79 
60-69 
50-59 
40-49 
d= 
Assignment. 
(M) (f) 
94.5 3 
84.5 6 
74.5 9 
64.5 7 
54.5 4 
44.5 1 
N = 30 
_ / ~ fxz. v N - 4880 30 
(4) ( 5) (6) 
Deviation 
from 
Mean (x) (x~) ( f X Z.) 
22.0 484.0 1452.0 
12.0 144.0 864.0 
2.0 4.0 36. 0 
- 8.0 64.0 448.0 
-18.0 324.0 1296.0 
-28.0 784.0 784.0 
4880.0 
=~f 
- 12.7 
Compute the mean and standard deviations for the 
frequency distribution used in the previous assignments. 
x z. 
SECTION SEVEN 
THE CURVE OF NORMAL DISTRIBUTION 
A fundamental law of nature. 
It has been found that when the heights of a great many 
of the men of one country have been tabulated there are only 
a comparatively small number that are very tall or very short, 
and when we move toward the middle of the range of measure-
ments the numbers, or frequencies, increas•. When this data 
is represented by a frequency polygon, the shape of the 
polygon tends to resemble the bell-shaped curve shown in 
· figure 4. 
Curve of Normal Distribution 
Figure 4 
As the number of measured heights is increased, the 
graph of the frequency distribution grows more and more like 
the curve of figure 4. 
This illustrates a fundamental law of nature; the 
tendency of a large group of measures to take this bell-shaped 
form of distribution. A few examples of the very many natural 
ehar.acteristics which observe this law are as follows: weights 
of persons, weights of the same kind of animals, diameters of 
the same kind of trees or shrubs, length of leaves on a tree, 
speed of horses, test scores, weights of the same variety of . 
fruits or vegetables, sizes of red blood cells, length of 
ears of corn, and average temperatures. 
The curve of normal distr~bution. 
The bell-shaped curve of figure 4 is called the curve of 
normal distribution, or the normal probability curve, or simply \ 
the normal curve. It should be noted that the normal curve 
is a mathematically perfect form which is approached by a large 
group of data, the larger the group the nearer it fits the 
normal curve. The curves of normal distribution for different 
measurements all have the same general shape, although they 
may differ in height, spread, and position relative to the 
' 
axes. 
The normal curve is symmetrical·, that is, it can be 
divided by a vertical line through its peak into two like 
halves, as shown in figure 5. It follows that the mean, the 
median, and the mode coincide in a norma~ curve, and that the 
central vertical line in figure 5 is $.:b~ :cthe ll;:c nA?J.ommpn ~-; p6:S.irt.1on. 
68.26 ~ 
0 1<5' 
Normal Distribution, Showing the Percentage of the Items 
Included Within one and Two Standard Deviations Measured 
Both Plus and Minus About the Arithmetic Mean. 
Figure 5 
In a normal distribution, 68.26% of all eases, or items, are 
included between one standard deviation, or a, marked both 
plus and minus from the mean, as shown in figure 5. Two 
~tandard deviations, plus and minus from the mean, include 
95.46% of the eases. 
Errors of observation. 
An important example of the tendency toward normal 
distribution is found in the errors occurring when a physical 
quantity (length, weight, temperature, etc.) is measured a 
large number of times by different people. It has been found 
that the errors in such an instance tend to be as much in one 
direction as in the other, and that the measurements tend to 
be more frequent close to the true value of the quantity. 
Perhaps you have noticed this tendency in the set of 
- 7 0 
measurements of distance whieh has been the basis of the 
assigned work for this unit. 
Scientists, in making important measurements, do not 
accept the value of a single measurement, but take the mean 
of many measurements. This prineipfe should be applied when 
we are weighing any statistical evidence; we should consider 
the reliability of the measurements involved. 
Probability - coin-tossing. 
Coin-tossing is a good and frequently used illustration 
of the normal curve of distribution or probability. If a 
single coin is tossed, it must fall either heads (H) or tails 
(T) all of the time, and the probability of a head is equal 
to the probability of a tail. Expressed as a ratio, the 
probability of H is ! and the probability of T is t, and since 
the probability that the coin will fall either heads or tails 
is 100% = 1, we can state that 
(H + T) ~ (i + i) = 1 
If we toss two coins, (a) and {b} at the same time, 
there are four possible arrangements which the coins may take: 
a b 
- -
1 a H 
2 H T 
3 T H 
4 T T 
In these four possibilities, both coins may fall heads as in 1 
or tails as in 4. There are two ways, 2 and 3, for a 
7i 
combination of a head and a tail to occur. Expressed as 
ratios, the probability of all heads is t; of all tails, t; 
and of a head and a tail, t = !. or, 
HH + 2HT + TT :. H2 + 2HT + T2 :. (H t T) 2 
Mathematicians have found that this method can be 
extended to compute the probability of different combinations 
of heads and tails occurring when any number of coins are 
tossed. For example, the probability of the different 
combinations when ten coins are tossed is expressed by 
expanding the binomial (H+ T)lo, where the exponent 10 stands 
for the number of coins. Expanding (H + T)lO gives us, 
Remembering that H represents the probability of a 
single coin falling heads, :. i; and that T represents the 
probability of a single coin falling tails, = i, we can 
summarize the probabilities as follows: 
:t72 
1 HlO 1 chance in 1024 of all coins falling heads 
10 H9T 10 chances in 1024 of 9 heads and 1 tail 
45 H8T2 45 chances in 1024 of 8 heads and 2 tails 
120 H7 T3 120 chances in 1024 of 7 heads and 3 tails 
210 H6T4 210 chances in 1024 of 6 heads and 4 tails 
252 H5T5 252 chances in 1024 of 5 heads and 5 tails 
210 H4T6 210 chances in 1024 of 4 heads and 6 tails 
120 H3T7 120 chances in 1024 of 3 heads and 7 tails 
45 H2T8 45 chances in 1024 of 2 heads and s · tails 
10 Hrr9 10 chances in 1024 of 1 head and 9 tails 
1 TlO 1 chance in 1024 of all coins falling tails 
1024 = Total 
These results are expressed as a frequency polygon in 
figure 6 • 
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As the number of coins tossed is increased, the number 
of points plotted will increase and the curve will become 
smoother and smoother and approach the form of the normal 
distribution curve. 
Assignment. 
Each pupil toss ten pennies together for the number of 
times designated by the teacher, and record the number of heads 
occurring for each toss. An ordinary tumbler is used in mak-
ing the tosses. The number of tosses designated by the 
teacher will depend on the size of the class, it should be set 
so that the total number for the whole class will be the 
maximum which can be tabulated an.d graphed in about half of 
the following class period. If possible, it would be ideal 
to have a total of 1024 tosses, for better comparison with 
figure 6. 
SECTION EIGHT 
ACTUAL AND THEORETICAL DISTRIBUTION 
"NORMAL tt MEASUREMENTS 
Comparison of actual and theoretical distribution. 
The major part of the class period will be given over 
to a general class activity, in which the theoretical distri-
bution of the number of heads appearing in tosses of ten coins, 
as developed in Section Seven, is compared with the actual 
distribution obtained by the class in the last assignment. 
The class first combines and tabulates the total data 
obtained by the members. A frequency polygon is then construe-
ted on the same pair of axes as the theoretical curve from 
Section Seven. The comparison is studied and discussed. 
What is a "normal" measurement? 
There is a considerable misuse of the word "normal 11 in 
popular statistical presentation. For example, we are urged, 
in advertisements, to buy various remedies if we are not 
"normal" in various characteristics such as height, weight, 
and so forth. An examination of the statistical materials 
presented with these advertisements almost always convinces 
us that we are not "normal" according to the standards which 
they present. 
It is ridiculous to suppose that, for example, all boys 
of the same age and height should weigh the same. We all know 
that boys of the same age and height vary greatly in weight, 
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and that there is no one nnorinal" weight for all of them. 
The trouble is that the word "normal" is used instead 
of the word naverage". Height and weight tables, for example, 
give averages of large groups. It is not necessary for an 
individual to have the average weight for his group in order 
to be normal, the truly normal weight for one person is not 
necessarily normal for another. 
It is entirely possible for a group to contain not a 
single "normal" measure, when we use "normaln instead of 
average, since the actual value of the average measurement 
may not be present in the data. Consider, for example, a 
group of ten boys of the same age and height with weights as 
follow: 172, 171, 166, 165, 165, 164, 157, 153, 150, and 148 
pounds. The mean, or average, weight for this group is 161 
pounds, a weight which is possessed by no boy in the group. 
This by no means indicates that all, or even any, of the boys 
are not "normaln in weight. It is quite possible that every 
boy has the weight which is truly normal for him. 
In the ease of the theoretically perfect probability 
distribution, we would not say that the 252 cases of 5 heads 
and 5 tails are "normal 11 , and that every other ease is not. 
Averages are useful for comparing groups, but it can be 
a. serious mistake to compare individuals with group averages, 
especially if the inference is made that any individual who 
does not fit the average is not "normal". It is truly 
normal for individual characteristics to differ. 
Assignment. 
Secure the heights and weights of a number of people 
of about your own age. Find the average height and the 
average weight for the group, and compare the deviations of 
each individual from both averages. How many are within 
half of one standard deviation from the average in one 
characteristic? How many are within half of one standard 
deviation from the average in both eharacteristies? 
Graphs. 
SECTION NINE 
GRAPHS 
CONCLUSION 
one of the most, if not the most, widely used methods of 
presenting statistical data is by the use of graphs. You are 
aware of the fact that newspapers, periodicals, books, and 
all other printed matter contain a great number and variety of 
them. Many of these graphs are very appealing to the eye and 
impressive to the mind because of the exceeding cleverness of 
their construction. 
Graphs present statistical data in visual form; they are 
intended to present numerical information such as facts, 
summaries, trends, relationships, meanings, and comparisons 
in such a way that they can be seen at a glance. The fact 
that graphs can do this so well is the reason for their 
extensive use. 
But, paradoxically, . the very quality which makes graphs 
so valuable in statistical method is also the cause of their 
chief shortcomings. Graphs do present statistical information 
vividly and quickly, but in many instances they create errone-
ous impressions and attitudes just as effectively. Graphs 
are designed to be read at a glance, or by a brief examination 
at the most, and the fact that in popular usage this is the 
way they usually are read often leaves a reader with impress-
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ions which he would not have if he studied and considered the 
graph more carefully. 
As in other cases of misconceptions brought about by 
the use, or misuse, of statistics, erroneous impressions 
from graphs are usually free from intent, but not always. 
Sometimes graphs are deliberately designed to mislead or 
influence the reader. 
We will consider a few of the more simple ways in which 
graphs can be misleading. 
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A brief examination of this graph (figure 7) gives the 
impression that Community A has had a growth in population 
twice that of Community B. The essential information which is 
not indicated is the size of the communities involved. If, fo 
ex~ple, Community A started with 5000 people in 1940 and grew 
. 
to 10,000 people in 1950, while Community B grew from 20,000 
to 30,000, the impression created by the above graph is not 
quite accurat e, for Community B would then have been increased 
by twice as many residents as Community A. 
In a dispute over an increase in wages, a group of 
workers published the graph shown in figure 8 as support for 
t h eir request. 
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T.he employers, as an argument for not granting 
increases in wages, published the graph shown in figure 9 ~ 
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Note that while both graphs are constructed from the 
same data, they give entirely different first impressions as 
to the rate at which earnings have increased. Phis is done, 
of course, by compressing or expanding the scales to create 
the desired appearance. A brief glance at the graph in 
figure 8 would leave the impression that earnings have risen 
rather slowly over the period involved, while figure 9 seems 
to show that the earnings have increased quite rapidly. 
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Example. 
APPROPRIATIONS 
1949- 1950 
1,600,000 ...-------------~-------, 
1950 
APPROPRIATIONS 
ASKED FOR IN THE 
TOWN WARRANT 
1,500,000 1-------------
1,400,000 1-------------
1,300,000 f------------
1949 
1,100,000 f------
1,000,000 L.------
Figure 10 
1950 
APPROPRIATIONS 
RECOMMENDED 
BY ADVISORY 
BOARD 
~e graph in figure 10 was taken from a report circu-
lated just before town meeting in a Massachusetts town, and 
resulted in a surprisingly large number of people, who 
limited their. readings of the graph to brief glances, assuming 
that the requested appropriations for 1950 were something more 
than twice the 1949 appropriations. '!'his erroneous · comparison 
is caused by the fact that the zero point has been omitted on 
the vertical seale. An examination of the vertical scale will 
show that the 1950 figure is nowhere near twice that of 1949. 
compare figure 10 with figure 11, in which the same graph has 
been reconstructed to include the zero point. 
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Another illustration or possible misconceptions caused 
by leaving out the lower part of the vertical scale is shown 
in figure 12, which was taken from the same report. 
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Consider the misleading comparisons, in the matter of 
numbers of town employees, which resulted from brief examina-
tions which did not include a study of the vertical seale. 
The graphs in figures 10 and 12 are also faulty in that 
they do not ha_ve clear and complete titles, and the scales 
are not captioned correctly. 
Conclusion. 
The complexity of our modern society has created the 
necessity of dealing with multitudes of data; the only 
practicable means of doing so is statistics. Since this 
science plays. such an important role in the affairs of our 
life, we should have at least an elementary knowledge of its 
method and uses, and, last but not least important, of its 
misuses. 
84. 
This unit has presented some of the fundamental ideas of 
statistical method, and has tried to develop the realization 
that while we recognize the unquestionable value of statistical 
method, we should never forget its limitations, particularly 
in the matter of popular statistical presentations. Statisti-
cal misrepresentations are not infrequently made, sometimes 
without intention, and sometimes with full intention by some-
one who wants to "prove something". We should learn to reserve 
judgment until we know enough of the total facts for a fair 
decision. 
As a final example of the fact that we should not be too 
hasty in interpreting statistical presentation, consider the 
- following seemingly simple statement: In 1929 a factory was 
forced to reduce wages by 25%, but in 1930 the wages were 
increased by 25%. Many people would assume at once that this 
means that the wages were put back where they were before 1929. 
But consider, for example, a man who earned $48 a week before 
1929. When wages were reduced 25% 1 his wages were reduced by 
$12, to $36. Then his wages were increased by 25%. But 25% 
of $36 is $9, so that he ended with $45 per week instead of th 
original $48. 
In statistics, as in many other things, we should be 
cautious about accepting evidence at face value. 
Assignment. 
Prepare for test. 
1.8 
Problem 1. 
SECTION TEN 
TEST 
Using a set of data presented by your teacher, do the 
following statistical procedure. 
1. Arrange the data in a grouped frequency distribution, 
using the class interval designated by the teacher. 
2. Construct a frequency polygon. 
3. Compute the arithmetic mean. 
4. Compute the standard deviation. 
Note: It is thought that the students will benefit 
more by working with actual data_ from their own, or school-
mates', experience rather than with manufactured data which 
carries with it a feeling of artificiality. For this reason, 
it is left to the teacher to select a suitable set of data 
from the class or school records. Data containing 20-30 items 
is suggested. Suggested sources include test scores; ages; 
I heights, or weights, of a class, homeroom, or athletic squad; 
athletic records; attendance and membership records. 
Problem 2. 
Reconstruct this graph so that it presents a fairer 
picture of the situation involved. 
(Answer: include zero on vertical scale, expand 
horizontal scale.) 
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CHAPTER IX 
CONCLUSION 
This thesis has undertaken to present evidence of a 
trend toward enlarging the sequential mathematics offering 
in the twelfth grade, and to outline three units of 
mathematics consistent with this trend. 
Attention has been called to the fact that the units are 
intended to be suitable for more able students who have 
completed most of the regular sequential mathematics program 
of the secondary school. 
It has been stressed throughout that the primary 
purpose of the units is not to develop skill in the topics 
involved; the units are not intended to be short comprehensive 
courses. The thesis has been based on the premise that even 
those students who have most successfully completed the 
secondary school sequential mathematics program are still 
lacking in appreciation of the essential nature of mathematics 
and of its application. The chief aim of the collective 
units is to bring about a broader understanding and greater 
appreciation of mathematics as a whole. The subject of each 
unit bas been chosen and each unit has been designed to 
contribute something toward this end. The unit of non-
Euclidean geometry aims chiefly at showing mathematics as a 
logical science which depends largely on the nature of basic 
assumptions. The unit of navigation brings out the necessity 
for the best working compromise between text-book accuracy 
and practicable convenience in applied mathematics. The unit 
of statistics stresses the need for a critical attitude 
toward the results of mathematical application. 
Possibilities for additional units. 
The three units presented in this thesis by no means 
exhaust the possibilities for developing a more adequate 
mathematical appreciation in the graduates of the sequential 
mathematics program. Other units on other topics would have 
much to offer along this line. A list of suggested topics 
might include astronomy, celestial navigation, surveying, 
machine computing, history of mathematics, number systems, 
and higher dimensionality. 
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APPENDIX D 
The Forty-Eight Propositions of Book I of Euclid's Elements. 
1. on a given finite straight line to construct an equi-
lateral triangle_. 
2. ·To place at a given point (as an extremity) a straight 
line equal to a given straight line • 
. 3. Given two unequal straight lines, to cut off from the 
greater a straight line equal to the less. 
4. If two triangles have the two sides equal to two sides 
respectively, and have the angles contained by the equal 
straight lines equal, they will also have the base equal to 
the base, the triangle will be equal to the triangle, and the 
remaining angles will be equal to the remaining angles respec-
tively, namely those which the equal sides subtend. 
5. In isosceles triangles the angles at the base are equal 
to one another, and, if the equal straight lines be produced 
further, the angles under the base will be equal to one 
another. 
6. If in a triangle two angles be equal to one another, 
the sides which subtend the equal angles will also be equal 
to one another. 
7. Given two straight lines constructed on a straight line 
(from its extremities) and meeting in a point, there cannot be 
constructed on the same straight line (from its extremities), 
and on the same side of it, two other straight lines meeting in 
another point and equal to the former two respectively, namely 
each to that which has the same extremity with it. 
8. If two triangles have the two sides equal to two sides 
respectively, and have also the base equal to the base, they 
will also have the angles equal which are contained by the 
equal straight lines. 
9. To bisect a given rectilineal angle. 
10. To bisect a given finite straight line. 
11. To draw a straight line at right angles to a given 
straight line from a given point on it. 
12. To a given infinite straight line, from a given point 
which is not on it, to draw a perpendicular straight line • 
... 
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13. If a straight line set up on a straight line make 
angles, it will make either two right angles or angles equal 
to two right angles. . 
14. If with any straight line, and at a point on it, two 
straight lines not lying on the same side make the adjacent 
angles equal to two right angles, the two straight lines will 
be in a straight line with one another. 
15. If two straight lines cut one another, they make the 
vertical angles equal to one another. 
16. In any triangle, if one of the sides be produced, the 
exterior angle is greater than either of the interior and 
opposite angles. 
17. In any triangle two angles taken together in any 
manner are less than two right angles. 
18. In any triangle the greater side sub tends the greater 
angle. 
19. In any triangle the greater angle is subtended by the 
greater side. 
20. In any triangle two sides taken together in ~y manner 
are greater than the remaining one. 
21. · If on one of the sides of a triangle, from its extre-
mities, there be constructed two straight lines meeting 
within the triangle, the straight lines so constructed will be 
less than the remaining two sides of the triangle, but will 
contain a greater angle. 
22. out of three straight lines, which are equal to three 
given straight lines, to construct a triangle: thus it is 
necessary that two of the straight lines taken together in any 
manner should be greater than the remaining one. 
23. on a given straight line and at a point on it to con-
struct a rectilineal angle equal to a given rectilineal angle. 
24. If two triangles have the two sides equal to two sides 
respectively, but have the one of the angles contained by the 
equal straight lines greater than the other, they will also 
have the base greater than the base. 
25. If two triangles have the two sides equal to two sides 
respectively, but have the base greater than the base, they 
will also have the one of the angles contained by the equal 
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straight lines greater than the other. 
26. If two triangles have the two angles equal to two 
angles respectively, and one side equal to one side, namely, 
either the side adjoining the equal angles, or that subtending 
one of the equal angles, they will also have the remaining 
sides equal to the remaining sides and the remaining angle to 
the remaining angle. 
27. If a straight line falling on two straight lines make 
the alternate angles equal to one another, the straight lines 
will be parallel to one another. 
28. If a straight line falling on two straight lines make 
the exterior angle equal to the interior and opposite angle 
on the same side, or the interior angles on the same side equal 
to two right angles, the straight lines will be parallel to 
one another. 
29. A straight line falling on parallel straight lines 
makes the alternate angles equal to one another, the exterior 
angle equal to the interior and opposite angle, and the 
interior angles on the same side equal to two right angles. 
30. Straight lines parallel to the same straight line are 
also parallel to one another. 
31. Through a given point to draw a straight line parallel 
to a given straight line. 
32. In any triangle, if one of the sides be produced, the 
exterior angle is equal to the two interior and opposite angles, 
and the three interior angles of the triangle are equal to two 
right angles. 
33. The straight lines joining equal and parallel straight 
lines (at the extremities which are) in the same directions 
. (respectively) are themselves also equal and parallel. 
34. In parallelogr~ic areas the opposite sides and angles 
are equal to one another, and the diameter bisects the areas. 
35. Parallelograms which are on the same base and in the 
same parallels are equal to one another. 
36. Parallelograms which are on equal bases and in the same 
parallels are equal to one another. 
37. Triangles which are on the same base and in the same 
parallels are equal to one another. 
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38. Triangles which are on equal bases and in the same 
parallels are equal to one another. 
39~ Equal triangles whieh are on the same base and on the 
same side are also in the same parallels. 
40. Equal triangles whieh are on equal bases and on the 
same side are also in the same parallels. 
41. If a parallelogram have the same base with a triangle 
and be in the same parallels, the parallelogram is double of 
the triangle. 
42. To construct, in a given rectilineal angle, a 
parallelogram equal to a given triangle. 
43. In any parallelogram the complements of the parallelo-
grams about the diameter are equal to one another. 
44. To a given straight line to apply, in a given reetilin-
eal angle, a parallelogram equal to a given triangle. 
45. To construct, in a given rectilineal angle, a parallelo 
gram equal to a given rectilineal figure. 
46. On a given straight line to describe a square. 
47. In right-angled triangles the square on the side 
subtending the right angle is equal to the squares on the sides 
containing the right angle. 
48. If in a triangle the square on one of the sides be equa 
, to the squares on the remaining two sides of the triangle, the 
angle contained by the remaining two sides of the triangle is 
right. 
